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Chapter 1 

Introduction 


In a tensor triangulated category, a thick ideal is a full subcategory which is closed 
under exact triangles and retracts and under tensoring with arbitrary elements of the 
category. The classification of thick ideals in the stable homotopy category of p-local 

HS98I . 


finite spectra, 




is given by a famous theorem of Hopkins and Smith, 

Jin 
'(P) 


Theorem 7], see Section [2l It states that, in the thick ideals are given as a chain 


= Co 2 Cl 2 • • • 2 Cn 2 • • • 2 Coo = {o}, 

and each thick ideal is characterised by the vanishing of a particular Morava K-theory, 


that is, Cn = {X G >577^^^ 
a consequence of the n ilpoten ce theorem 


K{p,n — 1)*(X) = 0} for 0 < n < oo. This theorem is 
HS98I . Theorem 3], the existence of type-n 


spectra for any n > 0 |Mit85l . Th eorem 4 .8] and the fact that if(n)*(X) = 0 implies 
K{n - = 0 for X € |Hav84 Theorem 2.11]. 

In equi yariant stable homotopy theory for a finite group G, unpublished work of 
Strickland Strlflj j , see Chapter [3l contains a partial classification of thick ideals in the 
category S'H{G)f C ST-L{G), which is the full subcategory of compact objects in the 
G-equivariant stable homotopy category. This is a generalisation of the above result, 
which concerns the special case 577({1})/ = 577-^*"'. In S'H{G)f, any thick ideal is 
characterised by the vanishing of particular equivariant Morava K-theories, which are 
indexed by a prime and a nonnegative integer (as the ordinary Morava K-theories) and, 
additionally, by a conjugacy class of subgroups of G. The set of thick ideals can be 
mapped to a lattice of such multi-indices and Strickland proves lower and upper bounds 
for a sublattice onto which this map is bijective. 

In this thesis, we study thick ideals in S'H{k), k CC, and related motivic categories, 
like (<S77(A:)/)(p), the p-localisation of the full subcategory of all compact objects, and 
sn{k){;:;, the category of p-localised finite cell spectra. We use different approaches, all 
of which are, in some sense, motivated by the results about thick ideals in <S77'^*”'. 


One approach is to use the comparison functors, 


sn ^ sn{k) ^ SH 


Rk 
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CHAPTER 1. INTRODUCTION 


for k C C, and also 

S'H(Z/2) ^ sn{k) % sn{zi2) 

for A; C M. We show that, for A: C C, the preimages R'^^{Cn) ^ {SH{k) f), n > 0, 
form a chain of different thick ideals in {SR{k)f)(^p'^ iTheorem 15.3.11) . For A: C M, we 
also show that C (SR{k)f) (^p-^ are differe nt thick ideals, where C runs over all 

thick ideals in {S'H{Z/2) f)(^p^, as studied in [Strlfll ] and in Chapter [3l 


The second approach is to use methods of nilpotence theory. The thick subcat¬ 
egory theorem for SH is highly related to the nilpotence theorem, which states that 
the cobordism spectrum MU detects certain kinds of nilpotence. In this context, the 
Morava K-theories recover the information from MU, meaning that also the family 
{K{p, n) I p prime, n > 0} detects nilpotence. Since the Morava K-theories have a 
parti cularly easy structure (they are field theories satisfying the Kiinneth formula, see 
e.g. |Rav92l . page 176]), this can be used to show that any thick ideal in can be 

uniquely des cribed in terms of the vanishing and non-vanishing of Morava K-theories. 
This is how HS98I . Theorem 7] is proven. Similar nilpotence arguments are used in 


Strld ] to classify thick ideals in S'H{G)f for finite groups G. Strickland shows that the 


equivariant Morava K-theories detect nilpotence (Theorem 13.4.21) . 

The motivic analog to MU is the algebraic cobordism spectrum MGL. But here, the 
situation is different, as MGL does not detect nilpotence. There is a notion of motivic 
Morava K-theories, which are more complicated than the topological ones, but they, too, 
describe a certain family of thick ideals. In Chapter [71 we show that they do not discover 
all thick ideals in {S'H{k) and also that not all thick ideals are of the form R'^^ifin)- 


The third approach is to find different lifts of topological type-n spectra to the mo¬ 
tivic world and to ask whether they generate the same thick ideals or different ones. 
We consider two explicit different such lifts to (57A(C)j)(p) and show that the motivic 
Morava K-theories do not distinguish the thick ideals generated by them. The question 
whether the two lifts generate different thick ideals remains open. 


In the thick ideals are ordered linearly by inclusion, due to the fact that 

K{n + I)*(^) = 0 implies K{n)^{X) = 0 for X € This raises the question 

whether this implication also holds in S'H{k)f. For p > 2, we prove that the analog 
statement holds for mot ivic M orava K-theories over C if X is a finite cellular motivic 
spectrum, as studied in DI05 |. That is, it holds for X € iS77(C)7*"- C S'H{C)f. On the 
way, we prove a couple of interesting facts concerning the motivic versions of BP, K{n) 
and related theories. We prove that the analog of the decomposition of Bousfield classes 
{E{n)) = V holds in S'H{C) (for p > 2), as conjectured by Hornbostel in HorObl . 

i<n 

Question 2.17] for arbitrary fields. 


Outline. 

In Chapter [21 we introduce basic notation concerning thick ideals and the stable 
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CHAPTER 1. INTRODUCTION 


homotopy category SH. We recall the thick subcategory theorem of Hopkins and Smith 
fTheorem l2.n.in|l . In there is no difference between thick subcategories and thick 

ideals lLemma l2.0.8p . 


Chapter [3] is an account on Strickland’s work Strld ]. It contains Strickland’s main 
results on thick ideals in S'H{G )/ and their proofs. The chapter begins with the necessary 
recollection from equivariant stable homotopy theory, such as compact objects in SR{G) 
and geometric fixed point functors. Equivariant Morava K-theories 


K{n, H) = G/H+ A E[l H] A K{n), for H <TG, 


are introduced in Section [321 They are related to the classical Morava K-theories via the 
geometric fixed point functor fProposition I3.2T|) and satisfy similar properties, such as 
the Kiinneth formula (Corollarv l3.2.2|) . Sectionintroduces the terminology of lattices 
and contains the result of Strickland which establishes a general relation between thick 
ideals and the detection of nilpotence by some family of homo logy theories (Theorem 
13.3.12p . The equivariant analog of the nilpotence theorem HS98I . T heorem 3] is Theorem 
13.4.21 We give a reformulation of the thick subcategory theorem HS98I . Theorem 7] in 
a non-p-localised way (Theorem [333]) and prove a similar equivariant result, Theorem 
13.4.61 which describes an injective lattice homomorphism from the set of thick ideals in 
S'H{G)f to the lattice 


GQ = {ti G Qp I tip = IVp or Up / 1 Vp}, 

sub(G) P 

where Qp = | 0 < n < oo}, and gives a lower bound for its image: 

Theorem 13. 4. 61 (Strickland) 

The composition 

T : \d\{S'H{G)f) V{GQ') ^ GQ 

is injective. Its image contains all u € GQ which satisfy: if H C H', then uh > uh’■ 

Here, V{GQ') denotes the power set of the set 

GQ' = {p”” I p prime, 0 < n < oo} x sub(G). 

An upper bound is given in Proposition 13.4.71 In Section 13.51 we apply Strickland’s 
results to STL{’L/2)f, which will be most interesting to us in our study of thick ideals in 
S'H{k)f, k CM.. Any thick ideal in (<S?7(Z/2)j)(p) is of the form 

Cm,n = {X I G Cm and G Cn}, 

where m,n € [0, oo] and (j)^ : S'H{G) SR is the geometric 77-fixed point functor 
(Corollary I3.5.ip . But not all Cm,n are different. Corollary 13.5.31 gives partial informa¬ 
tion on which ones are. 


5 


































CHAPTER 1. INTRODUCTION 


In Chapter [4l we introduce the comparison functors SH S'H{k) 

K 


Rk, 


SH for 


/c C C, and S'H{'L/2) —^ S'H{k) —% for k CW, which are symmetric monoidal 

and satisfy Rk°Ck = id and R^oc'j^ = id, respectively. This is mainly a, recoll ection from 
various other sources. The same results are independently obtained in HO 14 . Section 4]. 


In Chapter O we apply our knowledge concerning comparison functors to the study 
of thick ideals, proving the following theorem for any prime p. 

Theorem 15.3. IL (Lower bound on the number of motivic thick ideals) 

(1) If k C C, the category {S'H{k) f)contains at least an infinite chain of different 

thick ideals given by 0 < n < oo, where R^ denotes the p-localisation of 

the restriction of Rk to S'H{k)f and Cn C is as defined in Chapter\J\ 

(2) ///c C M, then {S'H{k) f)(^p'^ contains at least a two-dimensional lattice of different 
thick ideals given by {Tijf)~^{Cm,n), for all {m,n) G Tp as in Defi,nition \S.5.2l 

One ingredient of this theorem is Proposition 15.2.101 where we show that the reali¬ 
sation functors R^ and preserve compactness. In Section 15.31 we also prove a couple 
of additional results on the connection between motivic thick ideals and the comparison 
functors. 


Chapter [6] begins with an account of homology and cohomology theories in the 
catego ry of finite motivic cell spectra, as studied by Dugger and Isaksen in 


DI05|. We show that, for a cellular ring spectrum E and a finite cellular spectrum X, 
E^,^X = 0 is equivalent to E**X = 0 (Proposition [UTH]). Fo r k C R, we use a notion of 
cellular spectra which is more general than the notion from Din5l ] . see Definition 15.2.11 
This yields another version of Proposition 16.1.11 fCorollarv 16.1.41) . In Section 16.21 we 
discuss different ways of defining thick ideals associated with a (ring) spectrum. This is 
applied to motivic Morava K-theories AK{n) in Section [6.31 For example, we show that 
the thick ideal CAx{n) associated with the n-th motivic Morava K-theory is contained 
in Rf^{Cn+i) (Proposition [63S1)- We recall the definition and some properties of the 
motivic Morava K-the ories in Section 16.3.11 The motivic Atiyah Hirzebruch spectral 
sequence described in Hovl3l . Example 8.13], implies that the n-th motivic Morava K- 
th eory ove r the field C has coefficient ring iX> A"(n)* fLemma l6.3.7|l . as remarked 


m 


Yagn5l | below Corollary 3.9. 


In Chapter [71 we study the thick ideal generated by the cofiber of the motivic 
Hopf map, Crj = and compare it to the thick ideals Rf^{Cn) and CAK{n) for /c C C. 
We calculate the type of RkiCru^p^) G which is 1, and the equivariant type of 

R'k{Cr](^p^) G {S'HfL/2) f)i^p)^ which is (1,2) for p = 2 and (l,oo) for odd p (Proposition 
17 . 1 . 31 ) . In Proposition 17 . 1.41 we show that Cry^p'f generates a thick ideal of {S'H{k)j)(^p-^ 
which is neither of the form Rf^{Cn+i) or C^xin) for any n > 0, nor is it all of {S'H{k) f)(^p) 
(at least, if p = 2 or fc C M). 
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CHAPTER 1. INTRODUCTION 


Proposition I7.1T¥1 For k CC, let thickid(C'??(p)) C {SH{k)denote the thick ideal 
generated by the p-localised cofiber of the Hopf map. Then the following hold: 

(1) thickid(C'r/(p)) ^ for any n>0 and any prime p, 

(2) thickid(C'r/(-p)) ^ R'^^{Cn) for any n > 0 and any prime p, 

(3) thickid(C'r/(p)) C thickid(S'°pP = {S'H{k) f) i/ A: C M and p is any prime or k C C 
and p = 2. 

(4) For any prime p, the thick ideals thickid(C'77(p)) n R'^^ifin) are distinct for different 
n > 0 and in particular nonzero if n < oo. 


This proves that S'H{k)f, k <Z C, really has “more” thick ideals than its topolog¬ 
ical co unterp art. In Section 17.21 we compare our results to Balmer’s work on prime 


ideals BallO |. For the categories SFL(^ /2)f, S7i{C)f and S'H{'R)f, we recover 

the information on prime ideals given in Ballfll . Section 10] from a different point of view. 


In Chapter [§1 we study two preimages under Rc of a type-n spectrum Xn G SFL^^^y 
One of them is cc{Xn) and the ot her one , X„, is constructed by a motivic version of 


the con struction of Xn , as given in Bav92l . Appendix C]. In analogy to Mitchell’s result 


MitSSl . Theorem 4.8], we prove the following vanishing theorem for motivic Morava 


K-theory. 


Theorem 18.4. IL (Vanishing criterion) 

Let s > 0 and X G be a finite motivic cell spectrum such that Z/p) is 

free over the exterior algebra Ajjzip**{Qs) as a module over the motivic Steenrod algebra. 
Then = 0. 

This is proven with the help of the motivic Adams spectral sequence for Ak{s) A A, 
where Ak{s) is the motivic analog of the connective Morava K-theory spectrum. This 
spectral sequence is studied in Section 18.31 In Section 18.51 we construct a spectrum 
satisfying the assumption of the theorem, and we show that this spectrum is indeed 
of motivic type n iTheorem I8.5.12p . In Section IHTTl we show that cc(A„) is also of 
motivic type n, proving that the two thick ideals in (iS?^(C)j)(p) generated by cc(A„) 
respectively X„ cannot be distinguished by the motivic Morava K-theories. However, 
we do not know whether the ideals are actually equal or not. 


Chapter [9]is devoted to the study of the Bousfield classes of AK{n) and related mo¬ 
tivic spectra. The main goal in writing this chapter was to prove that AK{n + 1)**(A) = 
0 implies AA'(n)**(A) = 0, which we show for X G and p > 2 in Theorem 

muR 

Theorem 19. 6. 41 Let p >2. If X G satisfies AK{n + 1)**(A) = 0, then it 

also satisfies AK{n)^ffX) = 0. 


A lot of results in Chapter [9] hold more generally. In Section 19.11 we prove that 
u„-torsion in ABP^^,ABP is also u„_i-torsion. This holds in any ST-L{k), A: C C 
(Theorem 19.1.11). The proof uses methods similar to the topological version of the 


statement, [JY80|, Theorem 0.1]. Another ingredient is the map of Hopf algebroids 
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CHAPTER 1. INTRODUCTION 


(BP^,BP^BP) —)• (ABP^^, ABP^^ABP), as studied in |NS0O9l ). In Section EH we 
construct certain operations on AP(n) in S'H{k), k C C (T heorem [9.4.12p . similar to 
the operations on P{n) constructed by Wiirgler in [WiirTSl . Theorem 5.1], These are 
used to prove the equality of Bousfield clas ses iAK (n)) = {AB{n)) in SH{C) (Corollary 
19.4.ISp with methods similar to those of JWTSj ] . In the proof of Corollary 19.4.181 we 
assume k = C because we make use of the explicitly known coefficient rings 
and AK{n)ii,.f. The result is used to prove Theorem 19.5.11 which i s the following de¬ 
composition of Bousfield classes in S'H{C), as conjectured in HorOfil . Question 2.17] for 
arbitrary helds. 


Theorem 19. 5. 11 For p > 2, 


{AE{n)) = \/{AK{i)) in Sn{C). 


i<n 
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Chapter 2 

Thick ideals in classical stable 
homotopy theory 


In this chapter, we introduce basic notation concerning thick ideals and the stable homo¬ 
topy category STi. In a thick ideal is the same as a thick subcategory (Lemma 

I2.0.8p . We recall the thick subcategory theorem of Hopkins and Smith in Theorem 

I2.().1()L 

Definition 2.0.1. A tensor triangulated category is a triple {'T,A,S) consisting of a 
triangulated category T and a symmetric monoidal product A on T with unit S, such 
that for any A ^ T, A A — preserves exact triangles (see e.g. 10 sl . Definition 1.1]). 

Example 2.0.2. The stable homotopy category {S'H,A,S) with S = is a 

tensor triangulated category. 

Definition 2.0.3. Let {T,A,S) be a tensor triangulated category. A full triangulated 
sub category 0 7 ^ C C T is called a 

( 1 ) thick subcategory if it is closed under retracts. 

( 2 ) thick ideal if it is a thick subcategory and in addition satisfies: 

if X € r and y G C then XAYeC. 

If A is an object or a set of objects, we denote the smallest thick ideal containing A by 
thickid(A’) and call it the thick ideal generated by A. This is well defined because the 
intersection of thick ideals is again a thick ideal. If A is a finite set of objects, thickid(A) 
is called finitely generated. 

Remark 2.0.4. Any finitely generated thick ideal is generated by a single element, 
namely the direct sum of all generators. 

Example 2.0.5. If {T,A,S) is a tensor triangulated category, then 

thickid(5) = r, 


since for any X € T, X = X A 5. 
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More generally, if Z is in the Picard group Pic{T), i.e., if there exists a Z' such that 
Z' A Z = S, then thickid(Z) = T. The Picard group of the stab le homotopy category 


SH consists precisely of the spheres n € Z (see e.g. [HMS94n, the P icard group of 


the equivariant stable homotopy category S'H{G) is described in |F.TMnil | and examples 
for ele ments in the Picard groups of motivic stable homotopy categories are given in 


HuOSj]. 


Definition 2.0.6. The category is the smallest full subcategory of STL that 

contains all finite desuspensions of suspension spectra of finite CW complexes and is 
closed under isomorphisms. 


Remark 2.0.7. S'H^^"' is a tensor triangulated subcategory of STL. It can equivalently 
be defined as the smallest thick subcategory of STL t hat contains or as the full 
subcategory of compact objects in STL (see, e.g. 


Schl2l . Theorem II.7.4]). 


Lemma 2.0.8. In STL^^'^, any thick subcategory is already a thiek ideal. 


Proof. Let X be an element of the thick subcategory C C STL^''^ and let Y € STL^^"". 
By the definition of STL-^^"', there is a finite sequence of spectra {Y^}o<k<n such that 
yO _ Y ^ Y^ and each Y^ is the cofiber of some map 5’^'= —>■ Y^~^, G Z. Any 
thick subcategory is closed under suspensions and desuspensions because lies in 

an exact triangle with X —> X. Hence, X AT^ G C. Assume that X AY^ G C for some k. 
Then X A -A X A Y^ -A X A Y^^^ is an exact triangle whose first two objects are 

in C. Since C is a thick subcategory, it follows that X A Y^~^^ G C, too, and inductively, 
X A y” G C. Note further that thick subcategories are closed under isomorphisms as 
these are special cases of retractions. Hence, X AY G C, which proves that C is a thick 
ideal. □ 


Definition 2.0.9. Let p be a prime number. The p-local categories STL{Yj and 

are defined as the Bousfield localisations of STL and STL^^^ at the p-local Moore spectrum 
-TfZ(p). 


It is a common procedure to study spectra p-locally for each prime p, i.e. instead 
of X G STL one studies its image X(p) under STL -A and then fits the informa¬ 

tion together. For example, n-th Morava K-theory K{n) is defined for any fixed prime 
p, where it sat isfies K {n)^,(X) = X(n)*(X(p)). For the construction and properties of 


K{n), see e.g. JW75| . 


Now we are ready to state the thick subcategory theorem of Hopkins and Smith 


HS98I . Theorem 7], which was the main motivation for this thesis. It gives a beautiful 


and complete description of the thick ideals in STL^"^ in terms of Morava K-theories. 


Theorem 2.0.10. (Hopkins, Smith) 


In SHj^^y the thick ideals are given as a chain 


sh [^ = Co 2 Cl 2 • • • 2 Cn 2 • • • 2 Coo = {0}, 
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with Cn = {X E \ K{n — 1)*(X) = 0} for 0 < n < oo. 


Definition 2.0.11. A spectrum X E is said to be of type n if K[n — 1)*(A) = 0 

and K{n)^{X) / 0. We write type(A) = n. 


For any fixed prime p, the type of a spectrum is well-defined by R,av84l . 
2.11]. The thick subcategory theorem implies that any spectrum X of type n 
Cn as a thick ideal. 


Theorem 

generates 


11 




Chapter 3 

Thick ideals in equivariant stable 
homotopy theory 


The contents of this cha pter (e xcept for the introductory section and some details) are 
due to Neil Strickland [Strinl ]. We state Strickland’s main results on thick ideals in 
S'H{G)f and their proofs. We start with the necessary recollection from equivariant 
stable homotopy theory. Thick ideals in S'H{G)f are classified by equivariant Morava 
K-theories, K{n,H) = G/H+ A H] A K{n), H C G, which are introduced in 
Section 13.21 They are related to the classical Morava K-theories via the geometric fixed 
point functor (Proposition I3.2.ip and satisfy similar properties, such as the Kiinneth 
formula (Corollary 13.2.21) . As in the non-equivariant theory of Hopkins and Smith, 
the equivariant Morava K-theories detect nilpotence in STL{G)f iTheorem I3.4.2p . The 
general relation between the detection of nilpotence by a family of homology theories 
and thick ideals is des cribed in Theorem 13. 3. 121 As a corollary, we reformulate the thick 
subcategory theorem HS98I . Theorem 7] in a non-p-localised way (Theorem I3.4.5P and 
prove a similar equivariant result, Theorem 13.4.61 which describes an injective lattice 
homomorphism from the set of thick ideals in S'H{G) j to a particular lattice GQ and 
gives a lower bound for its image. An upper bound is given in Proposition 13.4.71 

For our study of thick ideals in the motivic stable homotopy categories ST-L{k)f, k C 
M, we will use the here given knowledge concerning thick ideals in the Z/2-equivariant 
stable homotopy category. Therefore, the case G = Z/2 is the interesting one for the 
rest of this thesis and we will summarise all results on thick ideals in ST-L(7j/2)f in 
Section [331 Any thick ideal in (577(Z/2)j)(p) is of the form Cm,n = {X \ G 

Cm and i;/)^/^(A) G Cn}, where m,n ^ [0, oo] and cj)^ is the geometric fixed point functor 
(Corollary 13. 5. 1|) . But not all Cm,n are different. Corollarv l3.5.3l gives partial information 
on which ones are. 


3.1 Equivariant stable homotopy theory 

Let G be a finite group and S'H{G) be the stable homotopy category of genuine G- 
spectra. This category has quite a few models. We switch between spectra of G-CW 
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CHAPTER 3. THICK IDEALS IN EQUIVARIANT STABLE HOMOTOPY 

THEORY 


complexes and spectra of G-simplicial sets, depending on which is more convenient in 
the concrete situation. A good model for S Ti(G) as a t ensor tr iangulated category is the 


category of orthogonal G-spectra, see e.g. MM02l | or |Schl3l | . In Section 14.21 we make 


use of two other models, namely symmetric G-spectra and GSc-spectra. The following 
definition of finite G-spectra, for example, makes sense if we use the model of orthogonal 
G-spectra with G-CW complexes as the underlying category of spaces. The definition 
induces a notion of finiteness for any other model for STL{G). 


Definition 3.1.1. For G a finite group, let S'H{G)-^^^ be the smallest full subcategory 
of STiiG) that contains all finite desuspensions of suspension spectra of finite G-CW 
complexes and is closed under isomorphisms. The objects of iS?^(G)-^*” are called finite 
G-CW spectra. We denote the closure of under retracts in S'H{G) by S'H{G)f. 

Both S'H{G)-I'^^ and S'H{G)f are tensor triangulated subcategorties of S'H{G) be¬ 
cause finite G-CW complexes are closed under cofiber sequences and under smash prod¬ 
ucts and because retracts commute with smash products. 


Definition 3.1.2. A spectrum X € S'H{G) is called dualisable, if the canonical map 


F{X, S°)AY^ F{X,Y) 


is an isomorphism for any Y € STL{G), where F{—, —) denotes the derived function 
spectrum and = S n is the shere spectrum in S'H{G) (for possible definitions of 
and F’(—, —), see e.g. Schl3l . Exam ples 2.1 0 and 5.12]). DX = F{X,S^) is called the 
dual of X. It satisfies DDX = X ( [LMSSGI . Proposition III.1.3]). In the following, we 
also use the notation S for Sq, since it is the unit in S'H{G). 

X € STiiG) is called compact if [A, —] 5 -^(g') = Hom 5 -^(c)(A, —) preserves arbitrary 
coproducts. 


Proposition 3.1.3. The subcategory S'H{G)f C S'H{G) has the following equivalent 
descriptions: 

(1) It is the full subcategory of retracts of finite G-CW spectra. 

(2) It is the full subcategory of dualisable objects. 

(3) It is the full subcategory of compact objects. 


Proof. (1) and (2) are equivalent by Mav96l . Theorem XVI.7.4]. 
Furthermore, any dualisable object X is also compact, because 


X,\/Yi 


[ 5 ,F(A,\/l^.)] = [s,DXA\jYi 


[s,\J{DXAYi) 


= 0 [5, DX A V] = 0 [S, F{X, Yi)] = 0 [A, V] , 

where we used that F{X, — ) is right adjoint to A A — and that the unit S is compact, 
see e.g. [Schisl . Corollary 3.30(i)]. Since vr,(^A = 0 for all H C G and n £ 7, implies 
A ^ 0 in SH{G) by the definition of SH{G), {E^E°^fG/H)+ ] 77 C G,n G Z} is 
a detecting set and, hence, also a generating set by |MS06I . Lemma 13.1.6]. That is. 
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the smallest thick subcategory of S'H{G) which is closed under infin ite copr oducts and 
contains | H C G, n G Z} is STi{G) itself. By |LMS86 . Corollary 

II.6.3], is dualisable and, thus, compact. Hence, | H C G | is 

a set of com pact generators for SH{G). By general theory due to Neeman Nee96l |. see 
e.g. (MSnd . Theorem 13.1.14], the full subcategory of compact objects in STi{G) is the 
thick subcategory generated by this set (i.e., the smallest thick subcategory of S'H{G) 


containing this set). Therefore, (3) is also equivalent to (1) and (2). 


□ 


Let G be a finite group and H C G a subgroup. There are functors i : STL — S'H{G) 
and : STL{G) —)• STL, where i maps a nonequivariant spectrum to the corresponding 
G- spectrum with trivial G- action a nd (j)^ is the geome tric fix ed point functor (as defined 
LMSSfil . Definition 9.7], MMn2l . Definition ] or |Sch^^, Section 7.3]) concatenated 


m 


with the forgetful functor from STL{W(H)) to STL , wher e W(H) denotes the Weyl group 
of H Q G. We will need the following properties Strlfll . Proposition 12.1 and Theorem 
12.4]. 

Proposition 3.1.4. TLie geometric fixed point functor Lias the following properties: 

(1) In STL, cj)^{E°°X) = for any suspension spectrum T,°°X G STL{G). 

(2) In STL, cf^iX AY) = fi^(X) A fi^(Y) for any X,Y € STLiG). 

(3) In STL, <p^{i{X)) = X for any X G SH. 

(4) If cf^iX) = 0 in STL for all H CG, then X = 0 in STL{G). 


Proof. A pro of of (1) can be found in LMS8fi 


or m 


Schl3l . Example 7.7]. (2) follows from 


Coroll ary II.9.9], MMf)2l . Coroll ary 4.6], 


LMS86 . Theorem II.9.8(ii)] and LMS86I . 
Proposition II.9.12(ii)]. (3) foll ows dir ectly from the definitio n of , since H acts triv¬ 
ially on i{X). (4) is proven in Schl3l . Theorem 7.12] and in [Striril . Theorem 12.4]. □ 


3.2 Equivariant Morava K-theories 

For H C G, E['^ H] denotes a G-space which satisfies: 


E[t H] 


15 ° HKPgH 


where K >g H means that K contains a subgroup conjugate to H. 

The existance of such a s pace H] follows from the theory of classifying spaces 
for families (see e.g. [LMS86I . Section II.2]), if one takes T as the family of all subgroups 
of G for which H is not subconjugate and then defines H] by the cofiber sequence 

EP+ ^ ^ E[^ H], 


as m 


MMO 2 I . Notations 4.14]. 


Fix a prime number p. Strickland Strlfll . Definition 16.2] defines Morava K-theory 
spectra in STL{G), G a finite group, by 


K{n, H) = G/H+ A H\ A K{n) 
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for any subgroup H Q G. He notes that, as a localisation of S^, H] is a commutative 
ring spectrum, which together with the ring structure of K{n) and the diagonal map 
on G/H induces a ring structure on K{n,H), which is commutative for p > 2. We 
will only be interested in H up to conjugacy, because if H and H' are conjugate, then 
K{n,H) ^ K{n,H'). 

The following propos ition serves as motivation for this definition of equivariant 
Morava K-theories IStrld. Remark 16.4 ff]. 

Proposition 3.2.1. 

K{n,H),{X) = K{n),{4>^ {X)) 

and 

K{n,HY{X)=K{nr{(j>^{X)). 


Proof. H ere, we need the following formula for the geometric fixed point spectrum 


LMS86I . Theorem H.9.8(ii)]: 


(p^iX) ^ {E[Y H]AX)^, 


where (—)^ is the spectrification of the levelwise fixed point functor. In the following, 
we abbreviate £'[^ H] by E. The first equation follows from 


K{n, H)YX) = vr* (^{X A G/H+ AEA K{n)f^ 


= ^^({X AEA K{n))^^ = tt * {(j)^ (X A K{n))) 


= TT, {^^(X) A Kin)) = Kin)Y<f>^{X)). 


For the second equation, we use the fact that G/H+ is self-dual 
H.6.3], hence 


LMS86I. Corollary 


Kin,H)*iX) = [X,F{G/H+,EAK{n))]Y = [X,EAKin)]Y. 


We claim that this is isomorphic to [(j)^X, K(n)]^ = K(n)*X). To prove the 

claim, first note that because S A — is a Bousfield localisation functor. 


[X, E A iF(n)]f = [EAX,EA R:(n)]f. 


From here, the H-fixed points yield a map 

a:[EAX,EA K{n)]Y -A [{E A X)^, {E A Kin))% 

and the latter group is isomorphic to (/)^iF(n)]*. Assume that X^ is an orbit 

H/Kj^ for iF C H. If at 7 ^ H, q: : 0 —>■ 0 is an isomorphism, li K = H., [E A 
X,E A K{n)]Y = [S%E A Kin)]Y = [S\ {K {n))], = [4>^ X , {K {n))], . That is, 
a is an isomorphism on all orbit types and it follows that a is an isomorphism for any 
X^SUiG). □ 
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From this and the properties of nonequivariant Morava K-theories (see e.g. |hs9hI . 
Section 1]), it follows immed iately that K(n,H) has coefficients like K(n) and satisfies 
the Kiinneth formula Strlfll . Section 16]. 

Corollary 3.2.2. The equivariant Morava K-theories satisfy the following properties: 

(1) K{n, H)^,Sq = K{n)^,S^ = for any n > 0 and any H C G. 

(2) K{n, H)^{X A y) ^ K{n, H)^{X) ®K{n), K{n, H)^{Y) for any X,Y e Sn{G). 

(3) If X is dualisable, i.e., if X £S'H{G)f, then 

K{n,H),{DX) ^ HoniK{nL{K{n,H),{X),K{n),). 


Furthermore, Strickland shows Strlfll . Proposition 16.6]: 

Proposition 3.2.3. If p ^ p' or n' or H H' (i-s., not conjugate in G), then 

K{p, n, H) A K{p\ n', H') = fl. 

Proof. In the cases p p' and n ^ n', this follows from K{p,n) A K{p',n') = 0 (see 


R,av84l . Theorem 2.1(i)]), as these appear as smash factors in K{p, n, H) AK(p', n', H'). 


Therefore, assume p = p', n = n' and H H'. Now it suffices to show G/Hj^ A E['^ 
H] A G/Hf. A E['^ H'] = 0, which is easily checked on the level of iF-fixed points for all 
K CG. □ 


3.3 Nilpotence and lattices of thick ideals 


For a convenient description of the collect ion of thick ideals in the equivariant homotopy 
category of dualisable spectra, SH{G)f, |Strlfl | uses the language of lattices. 


Definition 3.3.1. A lattice is a partially ordered set A for which any finite subset F C. A 
has a greatest lower bound (called meet) /\ F and a smallest upper bound (called join) 
V F. The largest element in A is /\ 0, which we denote by 1 and the smallest element 
is 0 = V 0- A lattice homomorphism is an order preserving map f : A ^ B which also 
preserves all joins and meets. 


Example 3.3.2. (1) The collection of thick ideals C in a tensor triangulated category 
T, partially ordered by inclusion, is a lattice. Meets are just intersections, whereas 
the join of a finite collection of thick ideals is the smallest thick ideal which contains 
all objects of the different ideals. We denote this lattice by Idl(T). 

(2) The power set of any set is a lattice, partially ordered by inclusion, meets given by 
intersections and joins by unions. 


We introduce a new notation, due to Strickland, which will be useful in the rest of 
this chapter. 

Notation 3.3.3. For a prime p and a nonnegative integer n, let K(p~^) denote the 
n-th Morava K-theory spectrum at the prime p (which above was denoted by K{p,n) 
or just K{n)). 
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One advantage of this notation is that there is only one name for the zeroth Morava 
K-theory spectrum (which is independent of p): K{1) = HQ. 

Definition 3.3.4. Let 

Qp = {P~"' I 0 < n < oo} 

and 

Q = {n € Qp I tip = 1 Vp or tip 7^ 1 Vp}. 

p 

The sets Qp and Q are lattices, with the usual ordering of rational numbers and the 
componentwise partial ordering of products. We immediately see that Theorem 12.0.101 
can be reformulated as follows. 

Corollary 3.3.5. Let Id^iS'H^pp be as in Examvle \3.8.‘Af l). The map 

Tp : Idl(5?^f;p ^ Qp, 


Tp(C) = max{p I type(X) = n for some X G C}, 
is a lattice isomorphism. 

We will see in Theorem 13.4.51 how to merge the information for different p to a 
classification of finitely generated thick ideals of using the lattice Q. But before we 

are able to do so, we need some more theory on thick ideals and lattice homomorphisms. 

Definition 3.3.6. For X G SH{G)f, let ann(X) denote the fibre of the unit map 
S F{X,X) and dehne 


Mann(X) = I ann(X)^"' A M ^ is null for some n > 0}. 

The map here is the n-fold smash product of the map ann(X) —)■ S from the cofiber 
sequence, smashed with A ^ A. 


The following is StrlOj, Proposition 15.6]. 

Proposition 3.3.7. The smallest thick ideal containing X is 


thickid(X) = Ann(x) 

and thickid(X) C thickid(y) if and only if the map ann(y)^"' —)• S factors through 
ann(X) —>■ S for some re > 0. 

Proof. We first show that thickid(X) C Mann(Js:)- Since X is a module over F{X,X) = 
DX A X, it is a retract of DX /\X f\X. It follows that ann(X) A X is the fiber of a map 
X —>■ DX AX AX which splits, so ann(X) AX —X is zero and hence X G M a.nn (v)- It 
is easy to see that Mann(x) is closed under exact triangles and retracts, as well as under 
smashing with arbitrary objects. Hence, M.ann(Js:) is a thick ideal containing X, which 
proves thickid(X) C Mann(x)- 
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Now assume A G -4.ann(x)- We need to show A G thickid(X). Consider the cofiber 
sequence 

ann(X)^^ AA^A^ S/(ann(X}^’^) A A. 

By the assumption, we can choose n such that the first map is zero. Then it follows 
that ^ is a retract of S'/(ann(X)^'^) A A. Therefore, it suffices to show 5/(ann(X)^"') G 
thickid(X). By the dehnition of ann(X), S/ ann(X) = F{X,X) = DXAX G thickid(X). 
There is a cofiber sequence 

ann(X) A S'/(ann(X)^-^) —S'/(ann(X)^-^+^) S'/(ann(X)^'^), 

which implies inductively that S'/(ann(X)^”') G thickid(X). 

The existence of this cohber sequence follows fr om Ver dier’s axiom for triangulated 
categories, also known as octahedral axiom (see e.g. [NeeOll . Proposition 1.4.6]). Applied 
to the three cohber sequences IAJ I AS I AS/ J, as well as IA J ^ S ^ S / {I A J) 
and / —>■ S' —7> S/I, the axiom yields a cohber sequence / A S'/J ^ 5/(1 A J) —)■ S/I. 

For the second claim, assume that thickid(X) C thickid(y), which is equivalent to 
X G thickid(y) = ^ann(Y)- Let n > 0 be such that ann(y)^"' AX ^ A is the zero map. 
Consider the two cohber sequences 

ann(F)^«-^ 5-^ 5/(ann(y)^”) 

ann(X)-^ 5-^ F{X, X). 


The smash product of the upper sequence with X is 

ann(y)^^ A X A X ^ 5/(ann(y)^’^) A X, 

so there is a retraction S'/(ann(y)^"') A X ^ X, which then induces a morphism 
S'/(ann(y)^"') —>■ F{X,X) making the diagram commutative. From the axioms for tri¬ 
angulated categories it follows that we can hll in the required map ann(y)^” —>■ ann(X), 
as claimed. 

On the other hand, if ann(y)^”’ —?> S factors through ann(X) ^ S and ann(X)^™ A 
A —>■ A is zero then also ann(y)^("'"*) A A ^ A is zero and it follows A ann ( v) C A ann (v)- 

□ 


Proposition 3.3.8. Let Xq Jq he collections of objects in STL{G)f and let Z and 
J be the thick ideals which they generate. Then 


inj = thickid ({y A y I y G Xo, ^ € Jo}) • 

Proof. This is StrlflI. Proposition 15.8]. Let X = thickid ({y AX | y G Xq, Z G Jo})- 
The intersection X n J is a thick ideal which contains Y AZ for all y G Xq and X G Jo- 
Therefore, X TZV\ J. Now, let 


X' = {y G XI y A z G X V z G Jo}, 
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J' = {Z G J \Y AZ G /CVY el}. 

It is easy to check that Z' is a thick subideal of Z which contains Zq. Hence, Z' = Z. It 
follows that the thick subideal J' Z J contains Jq; so J' = J . That is, T A Z € /C for 
all F € X, Z € J. 

Now, let X gZG\J. Since X. is an -F(X, X)-module, X is a retract of DX A X A X. 
Consider DX AX as an object of Z and the other X as an object of J . It follows 
DX A X A X G K, and hence X G K,. □ 


Remark 3.3.9. Note that Proposition 13. 3. 81 holds in any tensor triangulated category in 
which internal horn objects exist and all objects are dualisable. The following definition, 
theorem and corollary can also be formulated in such a general setting, given a suitable 
notion of homology theories. 

Definition 3.3.10. Let {Ei | i G /} be a family of ring spectra in S'H{G). For X G 
S'H{G)f, define 

supp(X) = {f € / I (Xi)*(X)/0}. 

If C C S'H{G)f is a subcategory, let 

supp(C) = IJ supp(X). 
xec 

For a map / : X —>■ F, we also define 


supp(/) = {iG I \ (Xi)*(/) / 0}. 


Remark 3.3.11. If (Xj)*(X) = 0, then (£'j)*(F) = 0 for any F G thickid(X) by the 
following arguments. If H —>■ R ^ C is a cofiber sequence and the (Rjj^-homology of 
two of the three objects is zero, then, by the long exact (Rij^-sequence, (Ri)*(—) of 
the third object is zero, too. If (£'j)*(H) = 7r*(£'j A H) = 0, then also A B) = 

'K*{Ei A A A B) = 0. And, finally, if (Rj)*(A) = 0 and R is a retract of A, then 
{Ei)^{B) —> 0 —>■ {Ei)^{B) is the identity map, hence, {Ei)^{B) = 0. 

This implies 

supp(thickid(X)) = supp(X). 


The following theorem is one of the central results in 

15.14. 


StrlOj], where it is Theorem 


Theorem 3.3.12. (Strickland) Assume {Ei \ i G 1} is a family of ring spectra inS'H{G) 
satisfying the following properties: 

(1) If f : X ^ Y, with X,F G SH{G)f, and {Ei)^,{f) = 0 for all i G I, then there 
exists n > 0 such that = 0. 

(2) For any X,F G S'H{G)f and any i G I, {Ei)^,{X AY) = {Ei)^{X) (A'i)*(F). 

(3) For any i G I, {Ei)^, = (Rj)*(S°) is concentrated in even degrees and any nonzero 
homogeneous element in {Ei)^ is invertible. 

Then, for any X, F G S'H{G)f, thickid(X) C thickid(F) if and only i/ supp(X) C 
supp(F). 
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In other words, a family {Ei | i € /} of spectra detecting nilpotence (see Definition 
I3.3.13P and satisfying some additional properties can be used to distinguish any two 
different thick ideals with the help of the support functor supp(—). 

Proof. Consider the cofiber sequence ann(y) A 5 A F{Y,Y). We first show that 
supp(u) = I \ supp(y). Consider the long exact sequence 

• • • ^ {EiUF{Y,Y)) ^ {EiU3.nn{Y)) {EMS) {EiUF{Y,Y)) ^ . 

If i € / \supp(y), then {E,),{F{Y,Y)) ^ {Ei),{DY) = 0 and (^i)*(u) 

is an isomorphism. Hence, i € supp(u). If, on the other hand, (£’*)*(u) ^ 0, it al¬ 
ready has to be surjective because (£'*)*(ann(y)) is an (iiij)*-vector space (by property 
(3)). It follows that {Ei)^{u) = 0. But u is the unit map of F{Y,Y), so this implies 
{E,i)^{F{Y, y)) = 0. As y is a retract of F{Y, Y) AY, it follows that (£'i)*(y) = 0. This 
proves supp(u) = I \ supp(y). 

Now let X,Y G S'H{G)f and supp(A) C supp(y). With v as above, we have 
supp(u) = I \ supp(y) T I \ supp(A). Hence, 

supp ^ann(y) A 5 —> F{X,X)'j = 0. 

By property (1), this map is smash nilpotent, so there is some m > 0 such that 

ann(y)^'" ^ 5 ^ F{X,X)^"^ 

is the zero map. Concatenation defines a map F{X,X)^'^ -A F{X,X), over which the 
unit map S —> F{X, X) factors, so we get a diagram in which the lower row is a cohber 
sequence, the composition of the two upper maps is zero and the square commutes: 

ann(y)^™-^ S -^ F{X, X)^^ 

I 

I 

Y 

ann(A)-^ 5-^ F{X, X), 

It follows that the map ann(y)^”* —S factors over ann(A). By Proposition 13.3.71 this 
is equivalent to thickid(A) C thickid(y). 

For the other direction, assume thickid(A) C thickid(y). Then by Remark 13. 3. Ill 
supp(A) = supp(thickid(A)) C supp(thickid(y)) = supp(y). 


□ 

Definition 3.3.13. We say that a family {Ei | z G /} detects nilpotence, if for any 
/ : A —> y in S'H{G)f, supp(/) = 0 implies = 0 for some n > 0. 
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Corollary 3.3.14. (Strickland) Under the assumptions of the above theorem, the map 
from the eollection of thiek ideals in S'H{G)f to the set of subsets of I, 

idi{sn{G)f)^v{i), 


C i-7> supp(C), 

is a lattice homomorphism (see Definition It is injeetive on the collection of 

finitely generated thick ideals, FIdl(iS?{(G)j) (see Definition \2. 0.Sll . 


Proof. This is StrlflI . Corollary 15.15]. It is clear from the definition of supp(C), that 


supp(—) is order preserving. The map preserves meets by Proposition 13.3.81 and by the 
Kiinneth formula for Ei. As supp(C) is the support of any set of generators for C and the 
join of thick ideals Ci is generated by the collection of generators of the individual thick 
ideals, it is also clear that supp(—) preserves joins. Recall that any finitely generated 
thick ideal is already generated by a single element (Remark 12.0.41) . By the above 
theorem, thickid(A) = thickid(y) if and only if supp(X) = supp(y), which is the same 
as supp(thickid(A)) = supp(thickid(y)). This proves the injectivity on FIdl. □ 


3.4 Thick ideals and equivariant Morava K-theories 


Definition 3.4.1. For a finite group G, let sub(G) denote the set of equivalence classes 
of conjugate subgroups of G. Let 


Q' = {p ^ \ p prime, 0 < n < oo} 


and GQ' = Q' x sub(G). 


The following theorem shows that the family of equivariant Morava K-theories 
{K{p~'^,H) I {p~^,H) € GQ'} (see Section [32]) detects nilpo tence, a s required in 
the assumptions of Theorem 13.3.121 and Corollary 13.3.141 As in DHS88I . Theorem 1], 
there are different kinds of nilpotence, which are all detected by the Mo rava K -theories. 
Although we mainly work with smash nilpotence, the theorem, which is [Strld. Theorem 
16.7], considers all three dehnitions. 


Theorem 3.4.2. (Strickland) 

(1) Let R € S'H{G) be a ring spectrum. Then a G tt^R is nilpotent if and only if for 
all V G GQ', K{v)^{a) is nilpotent as an element of K{v)^R. 

(2) A self-map f : —>■ W, W G S'H{G)f, is nilpotent if and only if for all v G GQ', 

K{v)tf{f) is nilpotent. 

(3) A map f : W ^ X, with W G S'H{G)f and X G S'H{G), is smash nilpotent if and 
only if for all v G GQ', K{v)^{f) is nilpotent. 


Proof. (1) Let a 


cd 


R be such that K{v)^{a) is nilpotent for all v G GQ'. For any 
H T G, (j)^{S q) is a non-equivariant sphere, so G R). By Proposition 

13.2.11 a) = K{u, H)^,{a), so this i s nilpotent for all u G Q'. Further¬ 

more, (j)^R is a ring spectrum and, by HS98I . Theorem 3(i)], it follows that {a) 
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is n ilpotent , so R)l(f)^a ~^] = 0 (for the definition of this mapping telescope, 
see [DHSSSI . page 212]). By Schl3l . Remark 7.15], preserves telescopes, hence, 
(j)^{R[a~^]) = {(p^R)[(p^a~^] = 0. This holds for all H, which by Proposition 
13.1.41 41 implies R[a“^] = 0, and, hence, R[a~^] = 0. Thus, a is nilpotent. 

(2) The adjoint of / is an element a € F{W,W), and K{v)^,{a) is nilpotent for all 

V G GQ'. So, the claim follows from (1). 

(3) Let R = yF{W, G S'H{G) be the free associative ring spectrum generated 

by F{W,X). The map / is adjoint to a G 'k^F{W,X) C such that K{v)^{a) 

is nilpotent for all v G GQ', and the claim follows from (1). 

□ 


Definition 3.4.3. Let GQ =0 2 ) where Q is as in Definition 13.3.41 and let 

sub(G) 


max : V{GQ') —)■ GQ, I !->■ {(L7,p) i-7> max{p“"' | (77,G /}} , 
with the convention max(0) = 0. Let 

T = maxosupp : Idl(<S'R(G)j) —^ GQ. 

Corollary 3.4.4. The functor 

ldl{Sn{G)f) ^V{GQ'), 

C i-7> supp(C) = {u G GQ' I K{v)yX) y 0 for some X G C} , 

is a lattice homomorphism. Furthermore, it is injective. 


Proof. This is StrlOj, Corollary 16.8]. It follows from Corollary 13.3.141 applied to the 
family of equivariant Morava K-theories. The assumptions are satisfied by Theorem 
13.4.21 31 and Proposition 13.2.21 

Corollary 13.3.141 states that the restriction of supp to finitely generated thick ideals 
FIdl(5R(G)/) is injective. To show that supp is injective on arbitrary thick ideals, it 
suffices to show that r is injective. Note that r is injective on FIdl(<S'R(G)/) because, by 
|Rav84l . Theorem 2.11], iL(p“"')*(0^X) = 0 implies K{p~"')^,{(p^X) = 0 for all m < n. 

Now let r(X) = r(77) for some thick ideals I and 77 in S'H{G)f. Thus, t{I)h,p = 
t{J)h,p for all 77 C G and all primes p. Assume X G T. Then t{X)h,p < t{I)h,p = 
T{fI)H,p- Let 7 = {{H,p) I t{X)h,p 0,1}. We claim that 7 is finite. Since G is finite, 
there are only finitely many possibilities for 77. If {H,p) G 7, then K{p~^)^,{(p^X) = 


H*((/)^X, Q) = 0. Since (p^X is a finite spectrum, this implies H*((/>^X, Fg) = 0 for all 
but finitely many q, so 7 is finite. For any u a I, there exists by assumption a G 77 
with t{Yu)u > ^{X)^. Similarly, let I' = {77 | t{X)h = 1} and pick Yh G 77 with 
t{Yh) = 1 for each 77 G I'. Then, by the injectivity of r on finitely generated thick 
ideals, X is contained in thickiddPu | u G 7} U {Yh \ 77 G 7'}), which is a finitely 
generated subideal of 77. It follows X C 77 and, similarly, 77 C X. □ 
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THEORY 


As promised, we now state a reformulation of the thick subcategory theorem from 
HS98l |. which is no longer in p-local form. We do not claim that all the notation from 


above was necessary to state this. But it is helpful for generalising the result to S'H{G )/ 
or maybe also other categories. 

Theorem 3.4.5. The composition 

T : P(Q') ^ Q 

is bijective. Its restriction to the finitely generated thiek ideals maps FIdl(5'H-^*"') bijec- 
tively to 

Fin(Q) = {u G Q I u = 1 or Up = 0 for almost all p}. 

Proof. This is Strlfll . Proposition 19.14]. The theorem states that supp maps injectively 
onto its image, which is isomorphic to Q. The map supp is injective by the nonequiv- 
ariant version of Corollary 13.4.41 The image of supp maps injectively to Q because 
K{p~‘^)^X = 0 implies K(p~'^fi X = 0 for all m < n by Rav84 . Theorem 2.11]. We show 
that r is surjective: By MitSfil ' Theorem B(b)] or Bav92l . S^tion C.3], for any number 


n > 0 there is a spectrum Xn G of type ri. Thus, the p-localisation of r is surjec¬ 


tive onto Qp (see Definition I3.3.4p . Let u ^ Q. If u = 1, then C = thickid(5°) satisfies 
t{C) = u. Assume u 7 ^ 1, so Up = with 0 < Up < 00 . Let X^^ be ap-local spectrum 
of type Up if 0 < Up < 00 and Xn^ = 0 if Up = 00 . Then C = thickid(Ai „2 > , X^^ , •'') 

satisfies r(C) = u. Hence, r is surjective. If u = 1 or Up = 0 for almost all p, then C 
as above is finitely generated. As in the proof of Corollary 13.4.41 all finitely generated 
thick ideals are mapped to Fin(Q). □ 


This theorem identifies the thick ideals with a sublattice of V{Q!) that is bijective 
to Q. Similarly, thick ideals in the equivariant category S'H{G)f are mapped injectively 
into GQ. Unlike its nonequivariant version, the equivariant version of r is not surjective. 
However, we can state the following: 

Theorem 3.4.6. (Strickland) The composition 

T : Idl(5?^(G)/) V{GQ') GQ 

is injective. Its image contains all u G GQ which satisfy: If H T H' for some H, H' G 
sub(G), then uh > uh'- 

Proof. We already know that supp is an injective lattice homomorphism. The injectivity 
of r follows as in the nonequivariant case, by considering Fl-hxed points for each H G 
sub(G) separately. 

Now let u G GQ be such that H' T H implies uh' > uh. Let Xu^ be a hnite 
spectrum in STL with r^Xuff) = uh- Recall that any nonequivariant spectrum maps 
to a G-spectrum with trivial G-action through the functor i : STL —>■ STL{G). Let 
Yu = i{Xu[t) A G/H+. This is a finite G-spectrum satisfying cj)^ Yh = X^^ A G/FI+ 
if H' is subconjugate to H and Yh = 0 if FI' is not subconjugate to H. Hence, 
TH'iYH) = UH A H' CH and th^Yh) = 0TH' ^H. Let T = V//gsub(G) Then 
th{Y) = max{uH' \ H C H'} = uh by the assumption. □ 
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THEORY 


This theorem gives a lower bound on the set of thick ideals in S'H{G)f. The whole 
set GQ is an upper bound. Strickland was able to show that r(Idl(iS?^(G)j)) lies in a 
certain proper s ubset of GQ (if G is nontrivial). For a cyclic group G = Z/p, his result 
the following Strld . Proposition 16.9]: 


IS 


Proposition 3.4.7. (Strickland) If X ^ S'H(fL/p)f and K{p = 0, then 

K{p~'^)^(j/"^PX = 0. (Note that the same prime p appears in two different roles.) 

Proof. Again, the proof is taken from |Strlfl |. X is of the form X = ^T, where 

T is a retract of a finite Z/p-CW complex and P is a representation of Z/p. Then, 
by Proposition 13.1.41 c^l^X = x;oo-dim{u®/p) assumption is equ ivalent to 

X(p“("'+^1)^,T = 0 and the claim is equivalent to Ar(p“"')*T^/P = 0. By Rav84 . Theorem 
2.11], we can formulate this in terms of Johnson-Wilson theories, namely: We know 
E{n + l)*r = 0 and h ave to show E{n)YT'^l'P = 0. The proof uses the Greenlees-May 
theory of Tate spectra GM95 ]. For any G-spectrum T, let tcY = F{EG+,Y) AEG and 
PgY = (tcY)^. They have the following properties: 

(1) The functors tc and Pq preserve exact triangles. 

(2) We have tciX A T) = X A tcY for finite G-spectra X, and Pg{X AY) = X A PgY 
for finite spectra X with trivial G-action. 

(3) If y is a free G-spectrum, then IgY = 0 and so PgY = 0. 

(4) If Y is nonequivariantly contractible, then tGY = 0 and so PgY = 0. 

(5) If p divides the order of G, t hen the spectrum PGEfa + 1) has Bousfield class 
{PGE{n + 1)) = {E{n)) [hS 96 . Theorem 1.1]. 

As E(n + 1)*T = 0, we see that the Z/p-spectrum E(n + 1) A T is nonequivariantly 
contractible, so tG{E{n + 1) A T) = 0 by (4). We also have tG{E{n + 1) A T/T^/^) = 0 
by (3), so (1) implies tG{E{n + l) AT^^p) = 0. Hence, {PGE{n + 1)) AT^^p = PG{E{n + 
1) A T^/P) = 0 and (5) gives E{n) A T^^p = 0, as required. □ 

This result on cyclic groups can be used to derive some restriction on the types of 
G-spectra that can occur for a gen eral gr oup G. This is done by applying the result 


to quotients of subgroups of G, see Strlfll . Gorollary 16.10]. We do not state this result 


here, because it needs additional notation and because we will only be interested in the 
case G = Z/2 later on. 


3.5 Thick ideals in S'H{'L/2)f 

We apply the results of this chapter lo G = TjI2. 

Recall that, for G a finite group, the thick ideals in {SH{G) are characterised by 
their equivariant types, i.e., by the vanishing or non-vanishing of the different equivariant 
Morava K-theories. 


Corollary 3.5.1. By the injectivity of t (Theorem 3 . 4 . 6 ), any thick ideal in the category 
(iS7^(Z/2)j)(p) is of the form 


Cm,n = {X 1 e Cm and 4>^/\X) E Cn}, 
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where m,n G [0, oo]. Bv Provositiov W.2. 1\. X G Cm,n is equivalent to K{rn—l,{l))t,{X) = 
0 and K{n — I, Z/2)*(X) = 0 if 0 < m,n < oo. 

Definition 3.5.2. We say that X G has type {m,n), 0 < rn,n < oo, if 

N G \ ,n U ^m,n+l)' 

Let Lp C (Z>o U {oo}) x (Z>o U {oo}) be the sublattice of all (m, n) such that a 
p-local spectrum of type (m, n) exists. 


Corollary 3.5.3. (1) Any type-{m,n) spectrum generates Cm,n o.s a thick ideal (by The- 
orem \3.4-6( 1 ■ 

(2) Not all pairs {m,n) occur as the type of some spectrum. For example, if p = 2, m 
cannot be greater than n + 1 (by Proposition \3.4.^ . 

(3) If m < n, then a type-{m,n) spectrum exists, namely Xm,n = {Nm A Z/2+) V 


a type-k spectrum and with Z/2 acting nontrivially only on'Ll2 


with Xk G SH 
(by Theorem \3.4.6\ ). Thus, m<n implies {m,n) G Lp. 


These results of Strickland give upper and lower bounds for the set of thick ideals 
in (5?^(Z/2)j)(p) (which is bijective to Tp). 

Remark 3.5.4. The results on thick ideals in S'H{G)f presented in this chapter also 
hold in the category of finite G-CW spectra, C S'H{G)f, as we did not use 

the closure under retracts in any argument. 
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Chapter 4 

Comparison functors 


Notation 4.0.1. For k a field, we write ST-L{k) for the motivic stable homotopy cat¬ 
egory over k. The standard spheres are denoted by A Gm and their 

P^-suspension spectra are also denoted by if no confusion can arise. S'H{k) is a 
tensor triangulated category, whose unit is the sphere spectrum S = which 

we also denote by . For any E E S'H{k), T^p^q{E) = , E\sy^(j.'^ denotes the set of 

maps from to E in S7i{k). For E and X in S7i{k), let Ep^q{X) = 'Kp^q{X A E) and 
EP'^{X) = [X,SP^<i ^E]. 


For our study of thick ideals in motivic categories S'H{k), /c C C, we want to use 
the given knowledge on thick ideals in the classical stable homotopy category and the 
Z/2-equivariant stable homotopy category. For this purpose, we will make use of the 

functors STi ^ Sn{k) ^ STi for k C C and % Sn{k) ^ SH{Z/2) for A: C M. 

The functors Ck,Rc and appear in various places in the literature but none of the 
sources conveniently covers all of the constructions. Most detail s on R c can be found in 
PPRO 9 I . Appendix] and t he unst able functor R L is stu died in | dI 04| . Sect ion 5]. Other 
important references are VoeQfil . Section 3.4], MV99, Section 3.3] and AvolC]. T he 


stable functors R'f. and are constructed and studied by Heller and Ormsby in |H014 


Section 4], which was written independently and at the same time as this chapter. Since 
our approach is slightly different, we give another, mostly self-contained construction of 
all these functors. 

We start with the construction of Rc and RL. 


4.1 Symmetric CP^-spectra 

Objects of the motivic stable homotopy category S'H{C) are spectra with respect to 
suspension by The corresponding analytic space We want 

that the topological realisation R{X) of a spectrum X E S'H{C) is a spectrum again. 
Therefore, we work wit h CP^-spectra. The category of symmetric CP^-spectra, Sp^pi , 
is described in PPR09I . Theorem A.44] and is a model for the stable homotopy category. 
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A symmetric CP^-spectrum is defined in the same way as a usual symmetric spectrum 
with S^ replaced by CP^ = 5^. The stable model structure is constructed analogously as 
for symmetric 5^-spe ctra in HSS99|. Hence, the following results also hold for symmetric 
CP^-spectra HSS99I . Lemmas 3.4.5, 3.4.12, 3.4.13]. 


Proposition 4.1.1. 1. The stable trivial fibrations are the level trivial fibrations. 

2. A map of CP^-spectra f : X ^ Y is a stable fibration if and only if it is a level 
fibration and 

Xn — nXn+1 

Yn -^ OYn+l 

is homotopy cartesian for all n, where the horizontal maps are the adjoints of the 
structure maps. 

3. The fibrant objects are Pi-spectra, i.e., the adjoints of their structure maps are weak 
equivalences. 


4.2 Z/2-equivariant symmetric spectra 


For the Z/2-equivariant stable homotopy category we use the model constructed in 


Man02l | . We now recall Mandell’s definitions and results. Let G be a finite group. We 


only need the case G = Z/2. 


Definition 4.2.1. Let S{G) denote the based simplicial G-set obtained by smashing 
together copies of the simplicial circle S^ indexed on the elements of G, where the 
G-action permutes the smash factors according to the multiplication in G. 

For example, S'({1}) = S^ and SifLjT) = 5^, where Z/2 acts via an orientation 
reversing map of degree one. 


Definition 4.2.2. A symmetric G-spectrum consists of a based G x S„-simphcial set 
r(n) for each n G N and structure maps T{n) A S'(G) —r(n + 1) such that the m-th 
iterated structure maps are G xYnX Sm-equivariant. Morphisms of spectra are defined 
in the usual way. We denote the category of symmetric G-spectra by Sp^{G). 

Mandell replaces Sp^{G) by the isomorphic category Sp{GYg) of GSc-spectra, 
which is defined as follows. 


Definition 4.2.3. Let S be the category whose objects are nonnegative integers n = 
{1, • • • , n} and whose morphisms are bijections. Let Tq be the category S together with 
the diagram S indexed on S taking ri to the n-fold smash product of 5(G) and with 
arrows permuting these smash factors. 

A GSc-spectrum T is a functor from S to based simplicial G-sets together with 
natural transformations (Tn,m : T{n) A 5(m) ^ Tf n+m ) satisfying certain associativity 


27 













CHAPTER 4. COMPARISON FUNCTORS 


and unitality conditions ManOd . Definition 1.3]. A morphism of GSc-spectra is a natural 
transformation commuting with the structure maps. 


Mandell defines D-spectra in Sp{GTg) and constructs a projective level model struc¬ 
ture with level equivalences, level fibrations and projective cofibrations. The resulting 
homotopy category is denoted by Ho^ 


Definition 4.2.4. A morphism of GSc-spectra f : T ^ U is called a stable equivalence 
if it induces bijections Ho^{U,E) —Ho*(T, E') for all D-spectra E. 


The following theorem is 


ManOd. Theorem 4.1]. 


Theorem 4.2.5. The category Sp{GEq) has a symmetric monoidal model structure 
with stable equivalences as weak equivalences and projective cofibrations as cofibrations. 
A morphism f : T ^ U is a fibration if and only if it is a level fibration and 


T{m) - OrfiTim+n) 

U (m)- > OnU ( m+n ), 


is homotopy cartesian for all m,n a S, where the horizontal maps are adjoint to the 
structure maps. 


Using this model structure, Mandell shows 


ManOd . Theorem 2]: 


Theorem 4.2.6. The category Sp^{G) is Quillen equivalent to the stable G-equivariant 
category indexed on a complete G-universe. 


4.3 Complex and real topological realisation functors 


The aim of this section is to recall the construction of the stable topological realisation 
functors 

R = Rc- suic) sn, 

R' = Rk- Sn{M.) SU{TLIT). 

Vario us unst able and stabl e versio ns of the s e functor s were construct ed in yoe96l . Section 
3.4], (mVQuI. Section 3.3], |Avoin ]. DI04], PPRod Appendix] and H014, Section 4]. 

For A: C C, let Sm jk be the category of smooth schemes of finite type over k and 
let sPre fSm /fc ) b e the c ategory of simplicial presheaves on the Nisnevich site Sm /fc, 
see e.g. 


or [.TarOfll . Appendix B]. 


We begin with the definition of iic. In the next section we will define and R!^ 
also for subhelds k of C and M respectively. 

The functor 

R : sPre(Sm /C) —>■ sSet 
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is defined in the following way: Any simplicial presheaf A can be written as 

colim (X X A"") ^ A, 

XxA^^A 

where the colim it is take n over the over-category of A, in which X runs over representable 
presheaves, see PPROflI . Section A.4]. We set 

R(A) = colim (A(C) x € sSet. 

By A(C) we actually mean the simplicial set Sing(A(C)“"'), where A(C)“” denotes the 
set of complex points of X with the analytic topology. 

Now let fc = M. Let sSet(Z/2) denote the category of Z/2-simplicial sets. The 
functor 

R' : sPre(Sm/M) —)■ sSet(Z/2) 

is still defined by 

RUA) = colim (X(C) X A'^), 

but now Z/2 acts on X( C) by p recomposing with conjugation. This induces an action 
of Z/2 on R'{A), see e.g. DI04, Section 5]. 

If A is pointed, then so are R{A) and R'{A) respectively. 


We equip sPre(Sm /k) with the projective model structure defined in DIOJ, Section 
5.1], whe re this c ategory is denoted by Spc'(A:)Nis- The model structure for sSet can be 
found in HovQflI . Secti on 3.2] and the equivariant model structure on sSet(Z/2) is, for 
example, described in GuiOa . Example 4.2]: 

• Weak equivalences are maps / that induce weak equivalences on the fixed point 
sets for all H C Z/2. 

• The collection {(Z/2)/i/ X (9A”(Z/2)/iL X A” \H C Z/2} is a set of generating 
cofibrations. 


The collection {{T>l2)lH x A} 
trivial cofibrations. 


{7^12)1 H X A"" I H C Z/2} is a set of generating 


Theorem 4.3.1. The functors R and R' and their pointed versions are strict symmetric 
monoidal left Quillen functors. 


Proof. This is [DI04 Theorems 5.2, 5.5] and [PPR09I . Theorem A.23]. 

Now we define the functor 

Sing : sSet —)■ sPre(Sm /C), 

PPRO 9 I . Theorem A.23]. It maps a simplicial set Z to the simplicial presheaf send- 


□ 


as m 


ing X € Sm /C to the simplicial set which in degree n is the set of maps sSet(A(C) x 
A*^, Z), that is, Sing(Z)(A) is defined as an internal horn object in sSet. 
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Proposition 4.3.2. The functor Sing is right adjoint to R. 

Proof. We have to find a bijection 

$ : sSet{R{X),Y) sPre(Sm /C){X, Sing(y)) 

for any X G sPre(Sm /C) and Y G sSet. The general case will follow by passage 
to colimits after we have shown this for the case that X is representable. So let X = 
Sm /C(— X A*,X') with X' G Sm /C. Let / : R{X) ^ T be an element of the left hand 
side, which now is sSet(X'(C) x A*,Y). We have to define a natural transformation 

$(/) : X = Sm/C(- X A*, X') ^ sSet(-(C) x A’, Y) = Sing(y). 

We do this by the following composition: 

$(/) : Sm /C(- X A*, X') A sSet(-(C) x A’, X'(C)) ^ sSet(-(C) x A*, Y). 

The map ‘h is obviously injective. It is also surjective because any morphism from 
Sm/C(- X A*,X') to sSet(—(C) X A*,Y) factors through the realisation functor. □ 


The Z/2-version of this functor, 

Sing' : sSet(Z/2) 


sPre(Sm 


maps an equivariant simplicial set Z to the simplicial presheaf sending X G Sm /M to 
the internal horn sSet(Z/2)(X(C), Z). 

Proposition 4.3.3. The functor Sing' is right adjoint to R'. 

Proof. The proof is the same as in the complex case, except that we have to replace 
Sm /C by Sm /M and sSet by sSet(Z/2). □ 

We want to define stable versions of the functors R,R' and Sing, Sing'. There¬ 
fore, we consider the category of symmetric P^-spectra on sPre(Sm//c), denoted by 
(k). The stable model structure on Sp^i{k) is constructed in the same way as in 


,Tarnril |. except that we start with our different definition s of fibra tions and cofibrations 


on sPre(Sm//c). This construction is also described in PPR09I . Section A.5]. We will 
only need the following information about this model structure. 

Let J b e a lev el fibrant replacement functor and let Q be the stabilisation functor 
defined in .TarOfll . Remark 2.4]. A map / in 5ppi(A:) is called a stable equivalence if 
QJ{f) is a level equivalence. 

Proposition 4.3.4. A map of symmetric -spectra, f : X ^ Y, is a stable fibration 
if and only if it is a level fibration and 


X„ 


Y„, 


QJX„ 


QJYn 
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is homotopy cartesian \Ja,rO(\. Lemma 2.7]. 

A stable trivial fibration is the same as a levelwise trivial fibration fJarOui . Theorem 
2.9]. 

Since ^ CP^ and R'iF^) ^ R'{Sl A G^) ^ Sl A Sl ^ 5(Z/2) (the 2-sphere 

with orientation reversing Z/2-action) in the homotopy categories, we can define 

R : Sp^i (C) Sp^pi 


and 

R' : Sp^i{R) Sp^{Zl2) 

levelwise. 


We can also extend Sing and Sing' to the categories of spectra, as follows. 

Over C, the simplicial presheaf is equivalent to the simplicial presheaf sending 
Z G Sm /C to Sm /C{Z x A”,P^). realisation defines a map from Sm /C{Z x 
to sSet(Z(C) X A’^,CP^). These can be assembled into a map of simplicial presheaves 
^ Sing(CP^). For X € Sp^pi we can, hence, define structure maps 

Sing(X„) A P^ ^ Sing(X„) A Sing(CP^) ^ Sing(A„ A CP^) Sing(A„+i), 

so that we get a spectrum Sing(X) G 5ppi(C) dehned levelwise. 


Over M, the same argument holds if we consider Z/2-equivariant maps of simplicial 
sets. We get a spectrum Sing'(A) G S'ppi(M) defined levelwise. 

Corollary 4.3.5. The functors (P, Sing) and (P',Sing') form adjoint pairs between the 
categories of symmetric spectra. 


Theorem 4.3.6. (The stable functors R, R') 

The pairs {R, Sing) and {R', Sing') are Quillen adjunctions on the spectrum level and 
R, R' are strict symmetric monoidal. 


Pr oof. Th e case of R is covered in PPR,09l . Theorem A.45] and the claim for R' is proven 


m 


H014I . Proposition 4.8]. For completeness, we reprove the theorem in our own words. 


To show that R and R' are Quillen functors, we only have to prove that their right 
adipi nts prese rve stable fibrations between stably fibrant objects and stable trivial fibra- 


tions [DugQll . Corollary A.2]. In all model structures we are considering here, the stable 
trivial fibrations are the levelwise trivial fibrations. From the unstable version of this 
theorem it follows therefore that Sing and Sing' preserve stable trivial fibrations. 

Stable fibrations are, in all of these model structures, levelwise fibrations with some 
additional homotopy pullback properties and stably fibrant objects are always fl-spectra. 
By Propositions 14.3.21 and 14.3.31 the unstable functors Sing and Sing' are right Quillen 
functors. It follows that the levelwise-defined functors Sing and Sing' preserve fl-spectra 
and level fibrations. Let / ; X —)■ T be a stable fibration between fl-spectra in Sp^pi 
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with the model structure from Proposition 14. 1. H for in Sp^CZjl) with the model struc¬ 
ture from Theorem 14.2.51) . We have to show that 

Sing(X)„-^ QJ Sing(X)„ 

Sing(y)„-^ QJ Sing(y)„ 

is homotopy cartesian for all n. Since X and Y are in particular level fibrant and Sing 
preserves level fibrations, J Sing(X) ~ Sing(y) and similarly for Y. Since Q is defined 
using only the adjoint stucture maps, Q Sing(X) ~ Sing(X) and Q Sing(y) ~ Sing(y) 
for the ri-spectra Sing(X) and Sing(y). It follows that the above square is in particular 
homotopy cartesian. 

The functors R and R' are strict symmetric monoidal, since this holds unstably 
and the product of symmetric spectra is defined in the same way in all the categories 
considered here. □ 


4.4 Realisation functors for other fields 

For k C K a subfield, the canonical map SpeciF —>■ Specfc induces a couple of base 
change fu nctors b etween the correspondi ng mot ivic homotopy categories. These are 
studied in MVQflI . Section 3.1] and also in HuOl . Section 2]. For the stable version, see 
PPR09 . Section A.7]. For a more general approach, see also |Avo 07 j. 

Let f : k ^ K he the inclusion of the subfield. On the level of unpointed schemes, 
/* is given by 

f* : Sm/k Sm/K, f*{X) = X Xspecfc Spec A. 

It induces a functor 

f* : sPre(Sm /k) —>• sPre(Sm /K), 

which has a right adjoint /*. By PPBOfll . Proposition A.47], this adjunction induces a 
strict symmetric monoidal Quillen adjunction on the level of symmetric spectra, where 
f* is given by f*{E)n = f*{En). 

One can therefore define realisation functors 


Rk : STLik) 4 SU{C) 4 SU for A; 4 C, 

A'fc : Snik) 4 5A(M) 4 SH{'Ll2) for A: 4 : 


which are strict symmetric monoidal. 


4.5 Constant presheaf functors 

The following construction of the constant presheaf functors Ck '■ S H —»• ST L(k) for /c C C 
and : S'H{'L/2) —)■ S'H{k) for A: C M is close to the one given in |h 014| . Section 4]. 
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Let A: C C. For X € sSet we define Ck{X) € sPre(Sm//c) by Ck{X){Z) = X for 
all Z G Sm/fc. Using Cfc(5^) = Sj, we extend the functor : sSet —> sPre(Sm /k) 
levelwise to symmetric S^-spectra and get: 

Ck : Spgi Spgi{k). 

We postcompose this functor with the P^-suspension functor, yielding a functor to the 
category of symmetric ,P^)-bispectra, : Sp^^ —>■ Sp^i pi{k). The homotopy cate¬ 
gory of Sp^i pi (A:) is equivalent to S'H{k) by HovOll . Theorem 9.1], 


Theorem 4.5.1. (The stable functor c^) 

This induces a functor Ck : STL —)■ STi{k), which is s trict sy mmetric monoidal. It is 
right inverse to Rk and hence faithful. Furthermore, by iLevlA . Theorem 1], Ck is full if 
k is algebraically closed. 

Proof. We first show that the unstable functor, Ck '. sSet —^ sPre(Sm/A:), is a left 
Quillen functor. The generating cofibrations of sSet are the maps ^ A”. The 
functor Ck takes these maps to the same maps considered as morphisms of constant sim- 
plicial presheaves. These are exa mples of generating cofibrations in the model structure 
for sPre(Sm /k), as described in PPR09I . Section A.3]. The same applies to the generat¬ 
ing trivial cofibrations A” The functor Ck preserves colimits by definition, hence 

it is a left Quillen functor. We denote its right adjoint by tq. It satisfies ro{Sl) = S^. 

Now we show that Ck ■ Sp^i —>■ Sp^i{k) is left Quillen, where the model structure 
on Sp^i{k) is described in |,Tar Section 4.5] and satisfies the analogue of Proposition 
14.3.41 The right adjoint, r, to Ck is defined by levelwise application of tq. Since tq, 
as a right Quillen functor, preserves fibrations and trivial fibrations, r preserves level 
fibrations and level trivial fibrations. Stable trivial fibrations are the same as level 
trivial fibrations, hence these are preserved by r. We have to show that r also preserves 
stable fibrations between stably fibrant objects. Let / : A —)■ T be a stable fibration 
in Sp^i{k) with X and Y level fibrant 0-spectra. We have to show that r(/) is a level 
fibration—which we already know—and that the squares 


r(X)r 


r(Y)r 


■Or(A)„+i 


■ Or(Y)n+i 


are homotopy pullbacks. This is trivial because r preserves 0-spectra (it is defined 
levelwise and commutes with desuspension), so r{X) and r(Y) are 0-spectra. This 
proves that Ck ■ Sp^i — Sp^i{k) is a left Quillen functor. It is symmetric monoidal by 
its pointset definition and by the definition of products of symmetric spectra. 

The P^-suspension functor Sp^i (k) —>■ Sp^i pi (k) is also a symmetric monoidal left 
Quillen functor if the category of symmetric P^-spectra over Sp^i {k) is endowed with the 
stable model structure (see HovOll . Theorems 5.1 and 9.1]). It follows that both functors 
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induce a functor on the respective stable homotopy categories, and the concaten ation of 
the induced functors, : SH — S'H{k), is also strict symmetric monoidal by [HovOll . 
Theorem 8.11], 

To show that is right inverse to Rk, first note that, for f : k ^ C, we have 
/*(Spec(/c)) = Spec(C), which implies f*ock = cc- So, by definition of Rk, Rk o Ck = 
R^o f* ock = Rcocc, and it suffices to consider the case k = C. Unstably, for A G sSet, 


(R o c)iA) = colim (X(C) x A*) = colimA* = A. 

On the level of spectra, we have used different models for constructing R and c. We 
therefore have to check that the following diagram is commutative, where, by definition, 
the composition of the upper maps induces c : STL —>■ S'H{C) and the lower map induces 
R : Sn{C) SH. 



Since R{Sl) = S^, the functor R : S'ppi (C) induces a functor TR on 5^-spectra 

on Sppi(C) by the levelwise definition. This induced functor is drawn as a diagonal in 
the above diagram and it makes the lower subdiagram commutative by definition. Thus, 
it suffices to check that the upper diagram is commutative. Let X = {A„}„ G Sp^i. X 
is mapped to {cA„}„ in S'p|i (C) and to {P™’ A cXn}m,n in Sp^i pi (C), which realises to 
{(CP^)™’ A Xn}m,n in 5'pfi £pi- This is the same as the image of X under the vertical 
map Sp^i — 7> Sp^i , which completes the proof that P o c = id on STL. □ 

For subfields A: C M, we want to define functors : 5P(Z/2) ^ STL{k) which 
are right inverse to P^. For a better understanding, we first consider k = M. and then 
generalise. 

To define a functor c' : S'H{hj2) —> 5P(M) which is right inverse to R', we first 
construct R' : sSet(Z/2) —>■ sPre(Sm/M). Observe that P'(Spec]R) = * is the one- 
point set and P^(SpecC) = Z/2 is the two-point set with non-trivial Z/2-action. We let 
c'(*) = SpecM and c'(Z/2) = SpecC and extend this to Z/2-sets M by 


c'(M) 


]J SpecM I ]J 


( 


, M2/2 


jy SpecC 
\{M\MZ/2)/(z/2) 


This can be done functorially, just note that —1 : Z/2 ^ Z/2 has to be mapped to the 
morphism SpecC —SpecC induced by complex conjugation. Furthermore, c' extends to 
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simplicial Z/2-sets by c'(M x A”) = c'{M) x A"". This defines the unstable, basepoint 
preserving functor c! : sSet(Z/2) —>■ sPre(Sm /M). We extend this to a functor of 
spectra by postcomposing the levelwise defined functor 


^ ■ ^PSiZ/2) ^Pc'{S(Z/2))W 


with the suspension spectrum functor ^Pc'(S{Z/ 2 ))F^^^'^' 

th at P(S (Z/2)) = c'(S'^) A c'(S'i) = Sj A c'(Si) and c'(S'i) = Fc/r{S^) the notation 
of HuDlj (wit h V the sign representati on), wh ere it is shown that this is invertible in 
Snm [Hudll . Theorem 3.5]. Thus, by |Hov01| . Theorem 9.1], 

^Pc'{s{z/ 2 )) pi ^ Quillen equivalence. 


T'(5(Z/2)) 


•S'Ppii 


Theorem 4.5.2. (The stable functor c') 

This induces a functor c' : 5?^(Z/2) ^ which is strict symmetric monoidal and 

right inverse to R'. In particular, d is faithful. 


Proof. As in the previous proof, we start by considering the functor d : sSet(Z/2) ^ 
sPre(Sm /M). It preserves colimits. The generating cofibrations of sSet(Z/2) are the 
maps {'Zj2)lH x (9A"' —>■ {7jl2)jH x A'^, where H C Z/2 is a subgroup. The images of 
these maps under d can be written as pushout products: 


c'(Z/2 X dA'^ Z/2 X A’^) = (0 ^ SpecC) □ {dA'^ A”) 

c'idA^ ^ A’^) = (0 ^ SpecE) □ (5A” ^ A”). 

These are examples of generating cofibrations for sPre(Sm /E) as described in (PPRb9l. 
Section A.3]. The same argument holds for the generating trivial cofibrations {Zf2)jH x 
A” ^ {7jf2)jH X A”. The passage to the spectrum level works similarly as in the 
previous proof. The induced functor d : S'H{Tjj2) S'H{M) is symmetric monoidal by 
the same arguments as before. 

By its definition, d is right inverse to R' on the level of simplicial Z/2-sets. On the 
level of stable homotopy categories, R' o d = id follows from the commutativity of the 
following diagram, similarly as in the previous proposition. 



^Ps(Z/2),SiZ/2) 

Y'oo 

^S{ZI2) 

^Ps{Z/2) ^ 


Sp^, 


c'(5(Z/2)),pi' 


yioo 

^c'(S(Z/2)) 


■SpI 


□ 
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Now let k CM.. Then i?^(Specfe) = * and i?^(Spec(A:[i])) = Z/2. Therefore, we let 
c^(*) = Spec/c and = Spec(A:[i]) and, for a Z/2-set M, 


4(^) = I II Spec A; | U 

vMZ /2 


II Spec(A:[i]) 

^(M\MZ/2)/(Z/2) 


For functoriality, note that —1 : Z/2 —> Z/2 has to be mapped to Spec(A:[i]) 
Spec(A:[z]) induced by complex conjugation. As before, c/ extends to c/ : sSet(Z/2) 
sPre(Sm jU) and then to 


4 : Sv\ 


'S(Z/2) ‘SPc;.(S(Z/2))V'^J ‘^/^c'j.(5(Z/2)),pi 


,(/c) ^ 


(^)> 


where the hrst functor is dehned levelwise by c/ and the second one is the P^-suspension 
spectrum f unctor. Here, c'^(S'(Z/2)) = S). N PAS^ ) and c/(S'i) = Fk[i]/k{S'^) in the 
notation of |Huni| . which is invertible in S'H{k) by |Hu01 I . Theorem 3.5]. 

Theorem 4.5.3. (The stable functor c/) 

This induces a functor c'^ : S'H{’Ll2) S'H{k) which is strict symmetric monoidal and 
right inverse to R^ 

Proof. The mai n claim follows exactly as in the case k = M considered above. It is 
also implied by H014I . Theorem 4.6]. It remains to prove R'k ° c'k ~ i^- Again, this 

follows from f* o c'^ = c' (for k ^M) and R' o c' = id, where f* o c/ = c' holds because 
/*(SpecA:) = SpecM and /*(Spec(/i;[i])) = SpecM Xgpecfc Spec(A:[i]) = SpecC. □ 


Remark 4.5.4. In HQ14I . Theorem 1.1], Heller and Ormsby prove that if A: is a real 
closed field, then c/ is full after p-completion. 

Remark 4.5.5. With similar methods as above, one can show that the functors sSet ^ 
sPre(Sm /k) ^ sSet induce functors 

sn ^ SHsiik) ^ sn, 

where S'Hgi{k) is the stable motivic homotopy category in which 5/ got inverted but 
Gm did not. 

For k C M, the definition of the stable fun ctor c / relied on the invertibility of 
Fc/r( 5'^) ill STLiM) = STLpifM), as shown 


m 


HuOll . Theorem 3.5]. One can show 


that the functors sSet(Z/2) -A sPre(Sm /k) -4 sSet(Z/2) induce functors 


SnsAT.12) 4- SHsiik) 5 5iA^5i(Z/2), 

where SHgi{'L/2) is the naive equivariant stable homotopy category, in which only 
the sphere with trivial action got inverted. The functor R' : ST-LgiiiM) —^ STLgi{’L/2) 
sends Fc/m.{S^) to S^ = 5(Z/2), which is not invertible in S'Hgi{Tj/2). Therefore, 
Fc/r(*S'^) cannot be invertible in SHgifM). This shows that it is not possible to extend 
: sSet(Z/2) —>■ sPre(Sm/A;) to a functor from S'H{'L/2) to STLgi{k). 
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Chapter 5 

Thick ideals discovered by 
comparison functors 


The aim of this chapter is to draw conclusions concerning thick subcategories and thick 
ideals in SH^k), /c C C, and in finite, local versions of this category using the functors 
from the previous chapter. In the next chapter, we will study thick ideals that are 
described by motivic Morava K-theories. 

5.1 Consequences of the properties of Rk, Ck and c'j. 

Proposition 5.1.1. (1) If C C SH is a thick subcategory or a thick ideal, then, for 
A: C C, C S'H{k) is a thick subcategory or a thick ideal, respectively. 

(2) IfC C S'H{’L/2) is a thick subcategory or a thick ideal, then, for A: C M, C 

S'H{k) is a thick subcategory or a thick ideal, respectively. 

(3) If f : k ^ K and C C S'H{K) is a thick subcategory or a thick ideal, then 
{f*)~^{C) C S'H{k) is a thick subcategory or a thick ideal, respectively. 

Proof. Any functor preserves retracts, hence is closed under retracts whenever 

C is. We also have Rk{Sl) = and Rk preserves cofibers because it is a left adjoint, 
hence it preserves exact triangles. Therefore, R^^{C) is closed under triangles whenever 
C is. Hence, R'^^ preserves thick subcategories. Since Rj- is symmetric monoidal (see 
Chapter HI), X G R^^{C) and Y G SR{k) implies that RRX /\Y) = Rk{X) A Rk{Y) is 
in C, if C is a thick ideal. Thus, X AY G R'^^{C). That is, R^^ preserves thick ideals, 
too. 

The proofs for and {f*)~^ are the same. □ 

Proposition 5.1.2. For A: C C, preserves thick subcategories and thick ideals. 
Similarly, for A; C M, preserves thick subcategories and thick ideals. 

Proof. Since Sl = Ck{S^) and Ck preserves mapping cones, Ck preserves exact triangles. 
It also preserves retracts and is strict symmetric monoidal, hence, preserves thick 

subcategories and thick ideals. □ 
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5.2 Finite motivic spectra 

The thick subcategory theorem of [HS98| | concerns the category of finite spectra, , 

as dehned in Chapter [TJ The functors Rk and Ck can therefore only help us to understand 
subcategories of S'H{k) which are at most as big as There are multiple 

equivalent possibilities to define using the notions of finite CW-spectra, dualis- 

able objects or compact objects. These notions are not equivalent in the motivic setting, 
therefore we obtain more than one possible category of “finite” objects in S'H{k). 

We will now discuss the various versions of hniteness. Let k be any field. 


Definition 5.2.1. (1) The category S'H{k)-l^^^ of finite cellular motivic spectra over a 
field k is the smallest full subcategory of SH( k) tha t contains the spheres for 
all p,q G Z and is closed under exact triangles [01051 . Definition 8.1]. 

(2) For /c C M, let S'H{k.)^^^^ be the smallest full subcategory of S'H{k) that contains 

A (Spec for all p, (7 € Z, m > 0 and is closed under exact triangles. 

(3) The closures of STi{k)^^'^ and S'H{k)^^^^ under colimit s are d enoted by STi^ky^^^ 


and S'H{ky^^^. 

2 . 10 ]. 


Their objects are called cellular, see [DIOSI. Definitions 2.1 and 


Remark 5.2.2. Note that these categories are closed under A because so are their sets 
of generators and because A preserves exact triangles and colimits, as it is a left adjoint. 

With this definition, S'H{k)-^'‘'^ is the smallest tensor triangulated full subcategory 
of S'H{k) that contains Ck{SH^y and is closed under — A and S'H{ky'''^N jg the 
smallest tensor triangulated full subcategory that contains c'ySH{Z/2)^^^) and is closed 
under — A Gife^. 


The following results can mostly be found in 


NS 0 O 9 I . Section 4]. 


Definition 5.2.3. (1) Let D C S'H{k) be the collection of all (strongly) dualisable 
objects. That is, all spectra X such that the canonical map F{X, S) f\Y ^ F{X, Y) 
is an isomorphism for all Y G S'H{k), where F’(—, —) denotes the derived internal 
horn in SH{k) and S = is the sphere spectrum. F{X,S) is called the dual of 
X and is also denoted by DX (compare Definition 13.1.2]) . 

(2) A motivic spectrum F G S'H{k) is called compact if Hom 5 -^(fc)(F, —) preserves 
arbitrary sums. Let S'H{k)f C S'H{k) denote the full subcategory of compact 
objects. 


Remark 5.2.4. (1) S'H{k)f is a thick subcategory of S'H{k) [NSOOfll . Section 4]. 


( 2 ) 

( 3 ) 


( 4 ) 


Any dualisable object is also compact, as shown in the proof of Proposition 13.1.31 
The smash product of two dualisable objects X and Y is again dualisable, because 
F{XAY,S)AZ ^ F{X,F{Y,S))AZ ^ F{X, S) AF{Y, S) AZ ^ F{X, S) AF{Y, Z) ^ 
F(A, F(y, Z)) ^ F{X A Y, Z). 

Sim ilarly, compact objects are closed under A. 

By [HuOiI . Cor. 2.14 and Thm. 4.1], F(Spec(A:[z])+, Fi) = Spec(/c[i])+ A Fi in S'H{k), 
fc C M. That is, Spec(F[f])+ is self-dual and in particular compact. 
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Definition 5.2.5. For IZ a collection of objects in S'H{k)f, let S'H{k)'jij C S'H{k)f be 
the smallest thick subcategory containing IZ. 

Let Tk = {5'^’'^ I p, O' € Z} be the collection of all motivic spheres in S'H{k) and let 
Tj^ = {SP’'^ A (Spec I p, g G Z,m > 0} if A; C M. These are sets of compact 

objects in S'H{k) by Remark 15.2.41 parts (2) and (4). 


Comparing the definitions, we see that S'H{k)ji,j is the closure of S'H{k)^'’'^ under 
retracts and STi{k)^+ j- is the closure of S'H{k)^^"'^ under retracts. 


Proposition 5.2.6. S'H{k)x>j C SH{k)f is the full subcategory of dualisable objects of 

sn{k). 


Proof. This is NS0O9I . Lemma 4.2]. By Remark l5.2.4f 2L T> is a collection of compact 
objects. Furthermore, the full subcategory spanned by V is already a thick subcategory. 


□ 


Since S'H{k)x>j ^ S'H{k)f is a thick subcategory and S'H{k)f C S'H{k) is a thick 
subcategory, it follows that the strongly dualisable objects form a thick subcategory of 
SH{k). Note also that all the categories mentioned above are closed under A. 


Proposition 5.2.7. We have SU{k)f^'^ C Sn{k)r^j C S'H{k)v,f Q S'H{k)f and 
for /c C M, S'H{ky'^'^~^ C S'H{k).j-+ r C S'H{k)x>j Y S'H{k)f. In particular, all ob- 

k ’’d 

jects in S'H{k)f'^'^ and S'H{k)f'^'^^ are strongly dualisable. Furthermore, S'H{k)f^'^ and 
sn{ky^^+ are closed under taking duals. 


Proof. The first line and the case S'H{k)f'^'^ are proven in [nSCOIiI. Section 4]. For k CR, 
the only additional input is the self-duality of Spec(/c[i])+. □ 


Remark 5.2.8. NSCOfll . Remark 8.2] gives an example for an object in S'H{S) that is 


compact but not dualisable, where S is the spectrum of a discrete valuation ring. 


A stronger result holds if A; is a field of characteristic 0. It is also proven in Rio05]. 


Proposition 5.2.9. Let k be of characteristic 0. Then S'H{k)x>,f = S'H{k) f is the thick 
subcategory of S'H{k) generated by j U € Sm/A:,n G Z}. Hence, any 

object of S'H{k) is dualisable if and only if it is compact. 


Proof. By |DI05 . Theorem 9.2], j U G Sm/A:, n G Z} is a set of compact 

generators for SH{k), which means two things: First, these objects are compact and 
second, the only full triangulated subcategory of S'H{k) containing this set and being 
closed under infinite direct sums is SH{k) itself. Since schemes are locally affine, also 
|^ 2 n,n^oo^ ^ | jj ^ quasi-projective} is a set of compact generators. General the¬ 

ory ImSOGI . Theorem 13.1.14] implies that S'H{k)f is the thi ck subc ategory of S'H{k) gen¬ 
erated by 1 U G Sm /k quasi-projective}. By R0O8, Theorem 4.9], 

is dualisable for any such U. Since dualisability is preserved by exact triangles and re¬ 
tracts, the thick subcategory generated by j U G Sm/A: quasi-projective} 

is contained in STL{k)x)j. Thus, SH{k)f = S'H{k)j)j. □ 
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For A: C C (A: C M) all these categories are furthermore included in the preimage of 
compact topological spectra under R^ {R'k)'- 

Proposition 5.2.10. For k CC, 

SH{k)f C R-^{S'Hf^^) 


and for A: C M, 


SHik)f T R'-\sn{Z/2)f) 


Proof. We have to show that Rk and R'j^ preserve compact objects. Let f : k ^ C. Then 
f* restricts to a functor between the categories of compact objects: f* : SH{k)f 
SH{C)f, because the base change functor preserves smooth schemes and so f* sends a 
compact generator U € Sm /A:, n G Z, of S'H{k) to a compact generator 

of S'H{C). Hence, for the first claim it suffices to prove that R = Rc preserves compact 
objects. Similarly, for the second claim it suffices to show that R' = R^ preserves 
compact objects. 

Let X = be a compact generator of S'H{C). As in the proof of the 

previous propositi on, we can assume that U is a smooth quasi-projective scheme. By 
Jouanolou’s trick .Tou7,‘ll . Lemma 1.5], there exists an affine vector bundle torsor over 
U. This is a vector bundle E ^ U, together with a torsor p : V U on E with V 
affine. By the dehnition of a torsor, V is locally isomorphic to E. This implies that for 
some m, U X A™ is locally isomorphic to an affine smooth scheme V. In particular, U 
is A^-equivalent to V, and so A = in S'H{C). Now, since V is smooth 

and affi ne, its complex realisation has the homotopy type of a hnite CW complex by 
Laz04 . Example 3.1.9]. Hence, R{X) G SH is isomorphic to for some finite 


CW complex Y and, so, R{X) is compact by Remark 12.0.71 

The proof that for any smooth and affine variety V, y(C) C h as the homotopy 


type of a finite CW-complex, can be summarised as follows Lazn4l . Example 3.1.9]: 
V (C) is a c omplex submanifold of without boundary (because V is smooth, see 
e.g. [Hull 21 . Section 3.1.2]), which is closed as a subset of C’' (because the zero locus 
of any polynomial is closed). Eor almost any c G C^, the squared distance f unction 


4>c '■ l^(C) —>■ M, (fcix) = l|a^ — cjp, has only non-degenerate critical points [Mil63l . 
Theorem 6.6]. Eurthermor e, cfr. b eing real algebraic implies that it has on ly finitely 


many critical points, as in |Laz04 . Example 3.1.9]. Using Morse theory Mil63l . Theorem 
3.5], it follows that U(C) has the homotopy type of a CW complex with one cell of 
dimension n for each critical point of cfc of index n. 

Eor X a compact generator of <57^(1^), we also have X = and now V 

is a smooth and affine real variety. Its realisation R'{V) = U(C) C is still a complex 
manifold, which is closed, but with the property that, for any x £ V (C), also its complex 
conjugate x lies in U(C). This was used for the definition of the Z/2-action on U(C): 
p{x) = X for p G Z/2 the generator. As before, we can choose c G such that (pc has 
hnitely many critical points, which are all non-degenerate. If c G M'", c pr is Z/2 -invariant 
and the claim follows from equivariant Morse theory: by the proof of Mav89l . Theorem 
2.2], any invariant Morse function can be turned into a special invariant Morse function 
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and, by Mav89l . Theorem 3.3], a manifold with a special invariant Morse function is 
equivariantly homotopy equivalent to an equivariant CW complex with one equivariant 
cell for each critical orbit. Thus, 1^(C) is equivalent to a finite Z/2-CW complex, whose 
suspension spectrum is compact in S'H{'L/2) by Proposition 13.1.31 For m ore infor mation 
on equivariant Morse theory in English language, we refer the reader to Was69l | . 

Now, assume c G C'’ \ M'’. We would like to take x min(^c(a^)) 4’cix)) as a Morse 
function. It is continuous and Z/2-invariant but it is not differentiable for x € M^. 
Outside of E'’, the critical points of min((/)c(x), (j)cix)) are a subset of the critical points 
of (/>c and their complex conjugates. The idea is to proceed in two steps: first, to take 
care of the real part V (C) OE'’ = V (E) = V and, second, to use min((/)c(x), (pdx)) 
as a Morse function away from E^. 

V (E) C E^ is a manifold, which is closed and without boundary and for which there 
exists d G E'’ such that cj)^ : F(E) —)• E is a Morse function with finitely many critical 
points (analogously to F(C) C C'’). Let B be an open ball around 0 G C*” which con¬ 
tains a ball D(d) around d containing all critical points of (pd and a ball D{c) around c 
containing all critical points of (pc and their conjugates. F(E) can be contracted inside 
E^ to F(E) n B, following the orthogonal trajectories of the hypersurfaces on which cpd 
is constant, until B is reached (that is, we glu e an in finite sequence of the diffeomor- 
phisms constructed in the proof of Mil63l . Theorem 3.1] to one homotopy 

equivalence). We extend this homotopy equivalence to a narrow open neighborhood 
U C C'’ of E'’ \ (S n E^) so that C'’ ~ C'’ \ 17 by a Z/2-equivariant homotopy equiva¬ 
lence which does not add critical points to Ti\\n{(pc{x),(pc{x)) outside of B. Using this 
homotopy equivalence, we can assume that V (C) \ B does not contain any points near 
the real subspace E’’. Now we use (pc to contract V (C) to V (C) H B with an equivariant 
homotopy equivalence: any x G U(C) \ B with (pc{x) < (pdx) gets moved into B along 
the line of steepest descent of (pc inside U(C). If, however, (pc{x) < (pc{x), x gets moved 
along the line of steepest descent of (pc- Note that (pdx) = (pc{x) and that the homotopy 
equivalence is well defined because we removed E'’ before and because all critical points 
of (pc and (pc are inside B. Hence, this defines a Z/2-equivariant homotopy equivalence 
between U(C) and U(C) fl B. 

Thus, U(C) is Z/2-homotopy equivalent to a Z/2-manifold (with boundary) which 
is closed and bounded and, hence, compact in C'’. Using equivariant Morse theory, this 
compac t manifold is Z/2-hom otopy e quivalent to a finite Z/2-CW complex (again, see 
Mav89 . Theorems 2.2, 3.3] or WasBfll ] 1. Note that, although most of the literature only 


studies Morse theory for manifolds without boundary, it still covers this case for the 
following reason: Since D{c) C B, the Morse function (pc evaluated on the boundary of 
U(C) n B takes a higher value than on any critical point. Therefore, U(C) H B appears 
at a finite step in the Morse theoretical construction of the CW complex associated with 
(pc, i.e., U(C) n H ~ U(C)”* = (pc^ ([0,m]) for some m G E, which is a finite Z/2-CW 
complex. □ 
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5.3 Motivic thick ideals 

Let A: C C and p be any prime. The following theorem identifies important families of 
thick ideals in (S'H{k)f)(^py It is the main result in this chapter. 

Theorem 5.3.1. (Lower bound on the number of motivic thick ideals) 

(1) The category j)(^p-^ contains at least an infinite chain of different thick ideals, 

given by ^{Cn), 0 < n < oo, where Rk denotes the p-localisation of the restriction 
of Rk to S'H{k)f and Cn fL defined in Chapter\^ 

(2) //fc C M, then {S'H{k)f)^jy contains at least a two-dimensional lattice of different 
thick ideals, given by {R'i^)~^{Cm,n), for all {m,n) € Tp as in DeRnition \S.5.2X 

Proof. We prove the first part, the second is proven similarly. By Eemark l5.2.21 Propo¬ 
sition E221 and Proposition 15.2.1111 Ck{S'H^^'^) C S'H{k)f C hence c^ and 

Rk restrict to functors SH{k)f Since the motivic p-local Moore 

spectrum (the homotopy colimit of a diagram of sphere spectra whose arrows are multi¬ 
plications by integers prime to p) is the image of the topological p-local Moore spectrum 
under Ck, we get induced functors between the localised categories, 

sn(^ {SH{k)f)^p) A snll;;, 

which still have the properties that Ck and Rk preserve exact triangles and smash prod¬ 
ucts and that Rk o Ck = id, as proven in Theorem 14.5.11 Similarly to Proposition 
15.1.11 it follows that Rk {Cn) is a thick ideal. Now let n < m. Then Cm C Cn in 
and there is some X € Cn \Cm- It follows that Rk^{Cm) V Ri^^{Cn) and that 

Ck{X) € R^^{Cn) \ Rk^{Cm)- Thus, RjJ^{Cn), 0 < n < oo, form a chain of pairwise 
different thick ideals. 

For the second part, one needs to consider the functors 

{SH{Z/2)f)(p) ^ {SH{k)f)(p) ^ {SH{Z/2)f)(py 


□ 

In the following, we will omit the over line and use the notation Rk, R'k for the 
(p-localised) restricted functors, too. 

Remark 5.3.2. In the above theorem, SH{k)f can be replaced by any other tensor 
triangulated full subcategory V C SH{k) satisfying 

Ck{Snf^^) CPC or 

c'fc(5?^(Z/2)^*’*+) CPC {R'^)-^{Sn{Z/2)f) respectively. 

In particular, the theorem applies to any 

P G {SH{k)f^^, sn{k)f^^+, SH{k)T„f, SH{k)^+ r, R'^-\sn{z/2)f)} 
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for the following reasons. Recall from Remark 13.5.41 that Strickland’s characterisation 

of equivariant thick ideals works in as well as in its closure under retracts, 

SH{G)f. Therefore, we can here take as well as its closure under retracts, 

SH{k) (+) . Note also that all categories mentioned here are closed under A because 
R ’j 

they are generated as thick or triangulated subcategories by classes of objects closed 
under A: and S'H{k)^(+) are generated by {5^’'?(A Spec(A:[i])!!^”*)} and 

STL{k)f is generated by smooth schemes, which are also closed under smash product. 
R^^{STL-^^^) and (R'^)“^(<S'R(Z/2)j) are closed under A because A commutes with Rk, 

K- 

Remark 5.3.3. The construction of the functors Rk and Ck does not depend on the fact 
that is invertible in SH(k). They can also be constructed for the category SHgi^k) 
in which only Sl = got inverted and Gm did not. Therefore, part (1) of the theorem 
also holds for (A:)/)(p). The construction of c'^, however, needed the invertibility 

of (see Remark |4. 5. 5p . Thus, part (2) cannot be applied to {S'Hsi{k) 

Definition 5.3.4. For a full subcategory C of a tensor triangulated category T, let A(C) 
denote the smallest thick subcategory of T that contains C and recall that thickid(C) 
denotes the smallest thick ideal that contains C. 

We state two more observations about thick ideals in the category {S'H{k)f){p)- They 
also hold in any of the above categories T>. 

Proposition 5.3.5. Let Xn G he any spectrum of type n, i.e. Xn G \ 

(see Definition \2. 0.11\) and let Xm,n G 5^(Z/2)^p” be any speetrum of type {m,n) (see 
Detinition \3. 5.1A) . Then 

thickid(cfcA„) = thickid(cfcCn) in {S'H{k) f) if k CC and 

thickid(c(.Am,n) = thickid(c^Cm,n) in if k CR. 

Proof. It is clear that thickid(cfcX„) C thickid(cfcC„). Since preserves thick ideals 
by Proposition 15.1.21 c^^(thickid(cfcX„)) is a thick ideal containing X^- Since Cn is 
the smallest thick ideal containing X^, we have Cn V c^^(thickid(cX„)) and hence 
CfcCn ^ thickid(cfcA„), which implies the first claim. The same proof shows the second 
claim. □ 

Proposition 5.3.6. If X,Y G {S'H{k) f)^^p^ with type{RkX) / type(i?A:R) (see Defini- 
tion \2.0.7l\} or, if k CR, type(R(.A) / type(R^T) (see Definition \S.5.2]) . then 

thickid(X) ^ thickid(y). 

Proof. Let type(RfcA) = n > type(Rfcy). Then thickid(A) C R(f^{Cn) but Y ^ 
R((^{Cn). The case of R'^ is similar. □ 
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The next proposition gives a description of thick ideals in the categories of finite 
cellular spectra, STL{k)-l'^‘^, k C C, and STL{k)^'^'^~^, /c C M, from Definition 15.2.11 In 
this case, a thick ideal is a thick subcategory that is closed under — A and under 
— A Spec(/c[z])+ if A; € M. 

Proposition 5.3.7. Let C C S'H{k)-^^'^ be a subcategory, /c C C. Then 

thickid(C) = A [ IJC AG^)r 

For a subcategory C C S'H{k)f'^'^~^, k CR, we have 

thickid(C) = A [ IJ (C A G^),”) U U (C A G^'^ A Spec(A:[i])+) 

Proof. We prove the second claim, the proof of the first claim is slightly shorter. Let 
k CR. The subcategory thickid(C) contains 




C = A IJ (C A G^) U U (C A G” A Spec(fe[i])+) 

\n£‘Z uGWj 

because thickid(C) is closed under — AGJ^ and — ASpec(/c[i])+ and is a thick subcategory. 
We have to show that the triangulated subcategory C is already a thick ideal. Let 
V C S'H{k)^^‘^~^ be the full subcategory consisting of all objects X such that C is 
closed under — AX. We have to show D = S'H{k)^^"‘~^. First note that D contains 
all spheres S^’^ because, as a triangulated subcategory, C is closed under — A and 
because we added 5''^’'^. If A -A Y —>■ Z is a triangle with two objects in D, then 
A A X ^ A AY -A A A Z is a, triangle with two objects in C for any A ^ C, hence the 
third object is also in C. It follows that D is closed under exact triangles. Furthermore, 
D is closed under A by definition. It remains to show that D contains Spec(A:[i])+. 
By the equivalence 

Spec(A:[z])+ASpec(A:[i])+ = Spec(fc[i])+VSpec(/c[i])_|_ = cof ^Spec(fc[i])+ A Spec(fc[i])+^ , 

any triangulated subcategory of S'H{k) containing the spectrum Spec(fc[i])+ also 
contains Spec(/c[i])^^, A > 1. It follows that C contains C A Gj^ A Spec(A;[i])^^, I > 0. 
Hence, V contains Spec(A:[i])+ and is thus equal to S'H{k)'^^"'~^. □ 

For k CC, we have so far identified the following thick ideals in {SH{k)f)(^py. 

R-^\Co) D R'^\Ci) D R^\C2) a ■■■ 

Ul Ul Ul 

thickid(cfcCo) D thickid(cfcCi) D thickid(cfcC2) D • • • 

For k C R, the picture has another dimension and depends on the classification of 
thick ideals in the equivariant category as described in Chapter [3j There is at least one 
spot where the inclusion from the lower row into the upper row is actually an equality. 
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Proposition 5.3.8. 


Rf. ^Co) = thickid(cfc(Co)) = {STL{k) f )and 

(^D"HCo,o) = thickid(4(Co,o)) = (<S'H(/c)/)(p). 

Proof. This is because all these subcategories contain the sphere spectrum and are closed 
under smashing with arbitrary elements of (S'H{k)f)(^py □ 
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Chapter 6 

Thick ideals associated with 
cohomology theories 


6.1 Equivalence of homology and cohomology theories 


We will now concentrate on the categories of finite cellular spectra , 

and on (co)homology theories represented by objects in S'H{k.Y^^^ or respec¬ 

tively, bec ause these satisfy some useful additional properties. A couple of these are 


DIO^. 


proven in ^ 

A consequence of the results in DIOSl ] is the following proposition, which states that 
cellular homology theories and cohomology theories for S'H{k,)^'^'^ are exchangeable. We 
will state the analogous result for S'H{k)^^"'^ below, in Corollary 16.1.41 

Proposition 6.1.1. Let E € S'H{kY^^^ (see Deftnition I5.il. II) be a ring spectrum and 
X G Sn{ky^^. Then E^yX) = 0 i/ and only if E**{X) = 0. 

Proof. In the universal coefficient spectral sequence (see DIOSl . Proposition 7.7] or 
Proposition I8.1.1|) , 


^2 = 


T^-a-b-cFE{M,N), 


we set M = X A E and N = E: 


E 2 = Ext(£'**(A), E**) ^ 7r_a-b-cl^E{X A E,E). 

Since Fe{XAE, E) = F{X, E), the spectral sequence converges conditionally to E**{X). 
If = 0, the spectral sequence collapses and thus converges strongly to E**{X), 

which, hence, is 0. Eor the other direction, we set M = F{X,E) and N = E. Note that 
this M is cellular because X is dualisable and its dual is again a finite cell spectrum by 
Proposition 15.2.71 So we get 

E 2 = E^tfYyE**{X),E,y ^ 7r_a-b,-cFE{F{X,E),E). 

Now Fe{F{X,E),E) = Fe{D{X) AE,E) = F{D{X),E) = X A E, so the sequence 
converges conditionally to Hence, E**{X) = 0 implies = 0. □ 
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One important result of Dugger and Isaksen, DI05|, Proposition 7.1], states that for 
cellular objects E € tt^^,E = 0 implies E = 0. We will show that an adjusted 

statement holds for E € STL{kY^^^~^, A: C M. 

We know from equivariant stable homotopy theory that a generalisation of homotopy 
groups is needed to obtain the corresponding result in STi{G). In 577(Z/2), for example, 
we have the equivariant homotopy groups 

= [5”,X]z/2 = ^ [5" AZ/2+,X]^/2 = 

We can similarly define homotopy groups in S7i{k), k CM. such that maps 7rpg(X) 
to np^^R'i^X) and 4^{X) to 4^\r',^X). 

Definition 6.1.2. For k CM and X € S'H{k), let 

TT^iX) = [SP’YX]snik) and 4W(X) = A Spec(Mi])+,X]5W(fe)- 

We write 7r+(X) = 0 if 7r^(X) = 0 for both K = k and K = k[i]. Furthermore, 
EYYX) = 0 will mean vr^ (FI AX) = 0 and {E~^Y*{X) = 0 will mean 7r+(F(X,S)) = 0. 

The same arguments as in [pin, 4 Proposition 7.1] now imply the following. 

Proposition 6.1.3. If X £ STi{kY^^^^, k CM and 7r+(X) = 0 then X = 0. 


Proof. Assuming X is cofibrant and fibrant, one considers the class V of all Y such that 
Map(X“'^,X) is contractible. By assumption, V contains 5^’*^ and 5^’”^ A Spec(fc[f])+. 
Furthermore, D is closed under isomorphisms, (de-)suspensions and homotopy colimits. 
As in the proof of Proposition lATTl it follows that it also contains S^’'^ A{Spec{k[i])+)^'^, 
m > 0. As C S'H{k) is generated by {5^’^ A (Spec(/i:[i])+)^”* ] p,q £ 

Z,m > 0} under isomorphisms and homotopy colimits, it follows that S'H{kY‘^^^^ C D, 
in particular X £D. Hence, Map(X, X) is contractible, which implies X = 0. □ 


The following corollary is a F C M-version of Proposition 16.1.11 

Corollary 6.1.4. Let E £ S'H{kY^^^~^ be a ring spectrum and X £ STL{k)E^+, Then 
E+{X) = 0 if and only if {E+Y*{X) = 0. 


Proof. The spectral sequence from DlOfil. Propo sition 7.7] is derived similarly to the 


universal coefficient spectral sequence in Elm+97l. Sec tion IV.5]. The crucial point is the 
convergence, where cellularity is needed to apply [Din,! Proposition 7.1]. The equivariant 
version of this spectra l sequence (a spectral sequence of Mackey functors) is proven in 
LMOgI ]. Using LMn6| ] and Proposition 16.1.31 one can derive the universal coefficient 
spectral sequence for our motivic homotopy groups over A: C M. The new version of 
Proposition 16.1.D ean then be deduced from this spectral sequence as before. □ 
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6.2 Thick ideals 

In STCj^^y any thick ideal can be described by some cohomology theory (namely, n-th 
Morava K-theory). Conversely, any cohomology theory defines a thick ideal. We are 
therefore interested in thick ideals of S'H{k)f, as well as STL{k)f'^'^, , described 

by cohomology theories as follows. 

Lemma 6.2.1. Let k he any field and let T T S'H{k) be a tensor triangulated subcategory 
of S'H{k). For any E G STL{k), the full subcategory ofT given by 

Ce = {X eT\X LE^t)} 


is a thick ideal of T. 

Proof. Since — A E preserves exact triangles, Ce is closed under these. If L is a retract 
of X and X AE = 0, then Y AE ^ 0 ^ Y AE is the identity onY AE, hence Y AE = 0. 
Let X € Ce and Y ^ T. Then X AY A Li = 0, hence X AY & Ce- □ 

Proposition 6.2.2. Let Ce he as defined in the above lemma. 

IfkCC,Ee SH{kY^^^ and T = SH{ky^^ orT = SH{kY^^\ then 

Ce = {X eT\E^YX) = lY- 

If, furthermore, E is a ring spectrum and T = SH{k)-l^^‘^, then also 

Ce = {X eT\ E**{X) = 0}. 

// L C M, L; € Sn{kY^^^^ and T = or T = SUikY^^^"^, then 

CE = {XeT\ {E+),YX)=D}. 

If, furthermore, E is a ring spectrum and T = S'H{k)f^^~^, then also 

Ce = {X€T\ {E+Y*{X)=Q}. 


The same descriptions apply ifT is the p-localisation of any of these categories for some 
prime p. 


Proof. For E and X as in the first claim, we have = 0<t4>LiAX = 0by [DI05j, 

Proposition 7.1] and for X finite, E a ring spectrum, E**{X) = 0 = 0 

by Proposition 16.1.11 For L C M, the same arguments hold by Proposition 16.1.31 and 
Corollary 16.1.41 □ 


6.3 Morava K-theories in S'H{k) 

Topology suggests that thick ideals described by Morava K-theories are particularly 
interesting. Therefore, we want to study motivic Morava K-theories and their properties. 
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6.3.1 Construction and properties of AK{n) 

Motivic Morava K-theories were introduced in [Bor03| | . The rough idea is as follows. One 
starts with MGL, the motivic analogue of MU. Since MU^ is a subring of MGLj,^,, 
elements in MC/* can be used to define maps on MGL and to construct motivic spectra 
which are analogous to certain other topological spectra constructed from MU. 


Definition 6. 3.1. Le t k U C. Let MGL be th e algebraic cob ordism spectrum as 
co nstructe d in Voe96l . Section 3.5], see also Voe98 . Section 6.3] or [PYOl Section 6.5]. 


In 


Bor03l . Theorem 10], elements ai € MGL 2 i^i, i > 1, are defined, whose images under 


Rk are G MU 2 i. If E is an MGL-module, then E/ai and a^^E can be defined as 


m 


Hor06l . Definition 2.10]. 


Note that the functor MGL A — from STi{k) to the category of MGL-modules in 
ST L(k) has F (MGL, —) as right adjoint and has the forgetful functor as left adjoint. As 
Elm-l-97l . Lemma 11.1.3] and Bor03, page 99], it follows that the category of MGL- 


m 


modules is complete and cocomplete. Thus, E/ai and a~^E are again MGL-modules 
(see Lemma 19.3.1 1 for the proof that the action of Oj on L is a map of MGL-modules). 

Th e motivic Brown- Peterso n spectrum for a fixed prime p was first constructed in 
[VezDll . Section 5]. By |Hov 13I . Remark 6.20], it is equivalent as an MGL-module to 
MGL(p)//, where I is the image under Mf7* — MGL^.^ of a regular sequence in the 
hazard ring L that generates the vanishing ideal for p-typical formal group laws. We 
take this as the definition of the motivic Brown Peterson spectrum ABP at the prime 
p. That is, 

ABP = MGL^p)/{ai \ iAp> -1). 


With vq = p and Vi = api_i for z > 1, we define: 


AP{n) = ABP/ (uo, • • • , Vn-i) and AB{n) = ^AP{n), 

Ak{n) = ABP/{vo, ■ ■ ■ ,Vn-i,Vn+i,Vn+ 2 , ■■■) and AK{n) = v~^Ak{n), 

AE{n) = v~^ ABP / {vn+i-,Vn+ 2 , ■■■)■ 

We will make use of all these spectra in Chapter [9| For now, we are mostly interested 
in AK{n). 

Lemma 6.3.2. Let Ah he one of the motivic spectra mentioned in the above definition, 
e.g. Ah = AK{n) with h = K{n). Then Rk{Ah) = h. 


Proof. This follows from Rk{MGL) = MU |Voe96 . Section 3.5] and Rk{vi) = 
because Rk preserves colimits. □ 

Remark 6.3.3. (1) All spectra mentioned in the above definition are cellular: Theorem 
6.4 in |Din.5t shows that MGL is cellular. Since the spectra above are constructed 
from MGL by taking homotopy cofibers and ho motopy colimits, they are cellular. 
The mod-p version of the main result in Hovl3l ] states that HTj/p is the cofiber of 
Vn : —>■ Ak{n). Hence, H^L/p is cellular, too. 
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( 2 ) 


( 3 ) 


ABP is a homotopy commutative ring spectrum by construction VezOll. Defi nition 
5.3] and the orientation of MGL induces an orientation on ABP by PPROSl . The¬ 
orem 1.1], The ring structure of ABP induces an ARP-module structure on the 
quotients of ABP defined above. 

Since MGL is a ring spectrum, ABP is also an MGL(p)-module spectrum and so 
is ABP/1 for I C MU^ a regular ideal. 


( 4 ) 

(5) MGL 2 *,* and H** iV£GL (with coefficients in Z or Z/p) are known (see e.g. [Bor03 


As remarked a t the en d of the introduction in NS0O9l |. ABP is Landweber exact 
in the sense of NS0n9j | and their results for MGL also hold for ABP. 


( 6 ) 


Theorem 5] and |Hov 1,3I . Corollary 6.9]). From this, one can com pute AK .^ , and 
H** Ah if Ah is one of the above spectra l [Bor03l . Theorem 12] and |Hov13 . Lemma 
6.10]). More can be said about A/i** if H**(Specfc) is known, see Lemma [6.3.71 
In general, however, A/i** is not known in degrees different from (2i, i). It is also not 
known whether Ah can be given the structure of a ring spectrum (except for Ah = 
ABP). Another open question is whether AK{n) satisfies the Kiinneth formula like 
K{n). 

We will make use of motivic Atiyah-Hirzeb ruch sp ectral sequences as discov ered by 
Hopkins and Morel and worked out by Hoyois Hovl3l . Example 8.13]. See also Ley08, 
Section 11]. 

Proposition 6.3.4. Let h = MLf(^p^/I and Ah = MGL^p'^/1 for some regular ideal 
I C MU^. For X € SH{k)f^y there are strongly convergent spectral sequences: 


^ jjP+2i,g+i('X, ht) 
^ hp+2*’9+*(A:, {v-^h)t) 


AhP’^X), 

{v-^Ah)P’^{X). 


Remark 6.3.5. (1) These are the spectral sequences associated with the slice filtrations 
of Ah and vZ^Ah. The n-th truncation of MGL in the slice filtration is described in 


the proof of Spilfll . Theorem 4.6] as the colimit of a certain diagram D^eg^n, meaning 
that fnMGL is constructed from MGL by quotienting out all monomials ■ ■ ■ al/ff 
with Ui E MGL 2 *,* and same construction with MLf instead of 

MGL yields the Postnikov truncation of MLf because MU^, = Z[a^°’’, 02 °’’, • • • ] with 
|a*°P| = 2i. It follows that, for fe C C, R^ : S'H{k) —?■ STL maps the slice filtration of 
MGL to the Postnikov filtration of MU. By the construction of Ah and v~^Ah from 
MGL, this implies that their slice filtrations also realise to the Postnikov filtrations 
of h and v~^h. For the associated spectral sequences, this means that Rk maps the 
above spectral sequences to the analogous topological Atiyah-Hirzebruch spectral 
se quences . 

(2) In Hovl3l . Example 8.13], the convergence is stated for X E Sm /S and follows from 
Ah, vZ^ Ah bei ng convergent with respect to —], X E Sm/S", in the 

sense of Hovl3l . Section 8.5]. But this implies convergence with respect to \X, —] for 
all finite cell spectra X by motivic cell ular ind uction. Hence, the sequences converge 
for all finite cell spectra X. Note that Hovl3l . Example 8.13] shows the convergence 
for Landweber exact spectra, but his proof holds for quotients of MGL as well. 
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In Chapters [8] and [9l we will often assume /c = C to be able to prove more results 
than for general k. The reason is that the coefficients of Hh/p are particularly simple 
in this case. 

Lemma 6.3.6. For k = C, 


H**(Spec(C),Z/p) ^Fp[r] 


with deg(r) = (0,1). 

Proof. This is [Voeiol . Equation (74)]. □ 

This, and the above spectral sequence, can be used to calculate the coefficients of 
theories like Ak{n). 

Lemma 6.3.7. Let k = C and h = MU(^p-^/I with (p) C / C MU.^ a regular ideal. Let 
Ah = MGL^p)/I. Then 


T/i** = H**(SpecC,Fp) 0Fp K = /i,*[r]. 


Proof. This is remarked in YaeOSl ] . below Corollary 3.9. The reason is the following: 
For X = SpecC, the motivic Atiyah-Hirzebruch spectral sequence is 

HP+2*’'?+*(SpecC,Fp) ^ht^ Ah^’^{SpecC). 


By Lemma 16.3.61 H**(SpecC,Fp) = Fp[r] with deg(r) = (0,1). Thus, for fixed f, 
pjP,q,t ^^p+2t,q+t(^X, ht) can only be nonzero in the column p = —2t, which implies that 
all differentials vanish. Therefore, the spectral sequence collapses immediately, proving 
A/i** = H** (8)/i*. □ 


6.3.2 Thick ideals and Morava K-theories 

Let iL be a cellular spectrum in S'H{k), k C C, such that Rk{K) = K{n) is the n-th 
Morava K-theory with respect to a fixed prime p. We call such a iL a motivic model for 
K{n). 

Let Ck = {X G {S'H{k)f)(^p) | iL A A = 0}, which is a thick ideal in the p-localised 
category {S'H{k)j)(^p^ bv Lemma l6.2.1[ li K/\X = 0, iLen Rk{K/\X) = K{n) f\Rk{X) = 
0. Consequently, Rk{X) G Cn+i for any X G Ck- This is content of the Mowing 
proposition. 

Proposition 6.3.8. For K a motivic model for K{n), we have an inclusion of thick 
ideals in {S'H{k)f)(^py. 

Ck f Ry^{Cn+i). 

The same is true in the category S'H{k)^^^y 
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Example 6.3.9. The motivic Morava K-theory spectra AK{n), as defined in Defini¬ 
tion [63T1 satisfy Rk{AK{n)) = K{n) and are cellular. In particular, they satisfy the 
previous proposition. 

Another possibility for such a spectrum K is the constant Morava K-theory spectrum 
Ck{K{n)). In Sections 18.41 - 18.71 we will have a closer look at the thick ideals Cji^x{n) 
CcfcX(n) for = C. 


Remark 6. 3.10. T he spectrum K{n) is not finite. One possibility to see this is by the 
equivalence Rav84l . Theorem 2.1.(h) and (i)]: 


K{m) A K{n) = 0 4^ m ^ n 


If K{n) were finite, we would have K{m).fK{n) = 0 K{m — l)*A'(n) = 0 by Rav84 


Theorem 2.11], which is wrong for re = m — 1. As a consequence, any spectrum K with 
Rk{K) = K{n) can also not be hnite cellular. 


Remark 6.3.11. Another corollary of the above equivalence and of |Rav84l . Theorem 
2.1.(h)] is the following: If K and K' are motivic models for K{n), then Rk{K A K') = 
K{n)AK{n), which has the same Bousfield class as K{n). In particular, any X € Ckak' 
satisfies Rk{X) G Cn+i \ Cn+2- Hence, 


Ckak' T R^ ^{Cn+i) and Ckak' ^ Rk ^{Cn+2)- 
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Chapter 7 

S'H{k)f has more thick ideals than 


7.1 The motivic Hopf map 


In this chapter, we study the cofiber of the motivic Hopf map, which generates a thick 
ideal that is not of the form R^^(Cn) or CAx(n)- The first part of this claim was proven 


by Balmer in BallQ . Proposition 10.4], We will reprove and extend this result, as well 
as summarise and apply other results of Balmer’s work on prime ideals in tensor trian¬ 
gulated categories. 

For A: C M, we have already shown that S'H{k)f has more thick ideals than 
This chapter is, therefore, in particular interesting for k = C. 

To understand why there cannot be a complete analogy between motivic thick ide¬ 
als and topological thick ideals, recall the reasoning in the t opolog ical case: the thick 
subcategory (i.e., thick ideal) theorem of Hopkins and Smith HS98I ] is derived from the 
fact that Morava K-theories detect nilpotence, which follows from the theorem that MU 
detects nilpotence. This is not the case in the motivic setting. 


The Hopf map in ST-L{k) is given by r/ : \ {0} 


{x,y) !->■ [x : y], defi ning an 


element y G 7ri^i(S'). Unlike the topological Hopf element, ri is not nilpotent MorObl . 
Theorem 4.7]. The following lemma is due to Morel, see e.g. Mor02l | . but we could not 
find a proof in the literature. It shows that the spectrum MGL does not detect the 
non-nilpotence of rj. 

Lemma 7.1.1. 

MGL A ?? = 0 

Proof. The unit map u of the ring spectrum MGL factors through T,~‘^’~^Gr], as in the 
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proof of Hovl3l . Theorem 3.8]. Consider the diagram: 

MGL A 5^’! - - -^ MGL A 5°’°-^ MGL A E-^^-^Gr] 


MGL A 



The upper row is a cofiber sequence and u, m are the structure maps of the ring spectrum 
AIGL. The diagram is commutative. It follows that 1 factors through its own 

cofiber, hence it must be zero. Suspending by 5^’^, we get MGL A r/ = 0. □ 


It seems likely that also AK{n) A 77 = 0, but this does not immediately follow from 
the above lemma. For our interests, it will suffice to know that AK{n) A Gr] ^ 0, which 
we prove differently. 


Remark 7.1.2. By Mor03l . Lemma 6.2.1], Grj = 


Proposition 7.1.3. For any A; C C and any prime p, 


thickid(Rfc(C'77(p))) = Cq = 

For A: C M, 


thickid(Rfc(C'77(p))) 


Co,i C {SH{Z/2)f)y^ ifp = 2 

Co,ooC{Sn{Z/2)f)^y ifp^2, 


where Cn is the thick ideal defined in Theorem \2. 0.m and Cm,,n is the thick ideal defined 
in Corollarv \3. 5.1[ 


Proof. Since, by definition, R^ = Rc o /* for / : A: C, R'j^ = Rr o /* for / : A; M, 

and f*{'r]k) = ilK for f : k ^ K, it suffices to prove the claims for k = C and A; = M. 

For A: = C, we have R{Gr]) = = CP^. Since iF(0)*(CP^pj) = 7^ 0, 

R{Gr]y^) has type 0. By |HS98I. Theorem 7], any spectrum of type 0 generates SH^^y 
So, thickid(P(C'r7(-p))) = SH^^y 

For A; = M, R'{Gr])^^^ = Gr]{C) = CP^ as before. Therefore, if R'{Gr](^p-^) G Cm,n, 
then m = 0. 

Furthermore, R'{rj)^i‘^ = t 7(M) is the quotient map \ {0} —>■ MP^, which is iso¬ 
morphic to 2 : It follows that RfiGr])'^/'^ = S/2. 

If p 7^ 2, P A P is an isomorphism in and, hence, (P/2)(p) = 0, which has 

type 00. This proves thickid(P'(C'r7(p))) = Co,cxd if P 7^ 2. 

Now let p = 2. Since P —?> P is an isomorphism rationally, we have Pr(0)*(P/2) = 
P*(P/2,Q) = 0. On the other hand, K{1) is a direct summand of mod 2 topological K- 
theory, so Pr(I)*(P A P) = 0 and iF(I)*(P/2) 7^ 0, as in the proof of |b all III . Proposition 
9.4]. Hence, the type of P/2 € is 1 and, therefore, thickid(P^((C'r7)(2))) = Coq. □ 
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In terms of the motivic thick ideals thickid (C'r/(p)) C [S'H{k) f)(p), the above proposi¬ 
tion states the following: For A: C C, thickid(C'T/(p)) C R'^^{Cq) (which is a trivial state¬ 
ment) and thickid(Cr 7 (p)) ^ R^^{Cn) for n > 0. For A; C M and p ^ 2, thickid(C'r 7 (p)) C 
{R'f^)~^(C q^oo) and thickid(C'r 7 (p)) ^ {R'f^)~^{Cm,n) for any m > 0, n arbitrary. If p = 2, 
then thickid((C'ry)( 2 )) C and thickid((C'ry)( 2 )) ^ {R',^)~^{Cm,n) for any m > 0 

or n > I. 

The next proposition contains two more results on thickid(C'ry(p)) C (SH{k)f)(^py 

Proposition 7.1.4. For k FC, let thickid(C'ry(p)) C (57^(A:)/)(p) denote the thick ideal 
generated by the p-localised cofiber of the Hopf map. Then the following hold: 

(1) thickid(C'r 7 (p)) ^ CAK{n) for any n > 0 and any prime p, 

(2) thickid(C'r 7 (p)) ^ R^^{Cn) for any n > 0 and any prime p, 

(3) thickid(C'r/(p)) C thickid(S'|^pP = {S'H{k) if k CR. and p is any prime or k CC 
and p = 2. 

(4) For any prime p, the thick ideals thickid(C? 7 (p)) fl R^^{Cn) are distinct for different 
n > 0 and in particular nonzero if n < oo. 

Proof. (1) By Proposition I6..S.81 CAx{n) ^ Assuming thickid(C'? 7 (p)) C 

CAK(n) therefore implies thickid(Cr 7 (p)) C Rf^iCn+i). Hence, (1) will follow from 
( 2 ). 

(2) This can either be derived from the previous proposition or can be seen by the 
following argument. 

Rkiv) is the topological Hopf map, which is nilpotent. Hence, for n > 1, Rkiv)* is 
not surjective in the sequence 

- >K{n- K{n - ^ K{n - l)fiC{Rkv)) ^ • 


It follows that K{n — l)^,{C{Rkp)) 0 and, since C{Rkr]) = Rk{Cr]), Crj^p'^ 0 


Rk (Cn). 

(3) Note that Crj € thickid(5°) = SH.{k)f, so thickid(Cr 7 (p)) C thickid(5|’pP for any 
p. We have to show that 0 thickid(C? 7 (p)). We consider the sheaf cohomology 


theory H*(—,K^^['n ^]), on which rj induces an isomorphism as in the proof of 


MorOd . Theorem 4.7], where Morel concludes that rj cannot be nilpotent. Localising 
at p, we get that ry(p) induces an isomorphism on H*(S^py Kf ^^\ri~^]). Consider 
{S^py [r]~^]) = {k)[r]~^](^py As in the proof of MorOd . Theorem 4.7], 

this is {k)[ri, V~^]{p), and (k) is isomorphic to the Witt ring IF (A:) by iMorObl . 
Remark 4.2]. We have IT(C) = Z/2 and IT(M) = Z, see e.g. Lam05 . p. 34]. 

Hence, for k = C, [h~^]) = (^/2[??, ??~^])(p), which is nonzero ifp = 2 . 

And, for A: = M, {S^^y[r]~^]) = {Z[r],r]~^])(^p^ 0 for any p. Therefore, 
the abo ve mentioned isomorphism induced by is not the zero map, and, as in 


MorOd . Theore m 4.7], it follows that 77 (p) is not nilpotent in these cases. 


Now we apply [Ballll . Theorem 2.15], which states that, for a map f : X ^ Y 
between invertible objects X and T in a tensor triangulated category T, the thick 
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ideal generated by Cf is equal to the full subcategory consisting of all objects A 
such that A ^4 = 0 for some n > 1 (this is similar to Proposition I3.3.7p . A 
corollary of this theorem is that thickid(C'/) = T if and only if / is nilpotent. 

It follows that, since r/(p) is not nilpotent, 0 thickid(C'77(p)) and thickid(C'r/(p)) ^ 
thickid(5|'pj) in the cases k = C and p = 2 or A; = M and p any prime. 

Now, let f : k ^ C. By Proposition 15.1.11 preserves thick ideals. Since 

f*{Crik) = Cric, thickid((C'?7fc)(2)) C {f*)-^{thickid{{Cr]c)( 2 )))- As /*((5’^)(2)) = 
(5^)(2) 0 thickid((C'ryc)( 2 )), it follows (5^)(2) 0 (/*)"^(thickid((C'r?c)( 2 ))) and, 
hence, (5'^)(2) ^ thlckld{{Cr]k){ 2 ))- 

The same argument holds for arbitrary primes p It f : k ^ R. Alternatively, the 
statement for k CM. can be derived from Proposition 17.1.51 and Theorem 15.3.11 

thickid(C'ry(p)) C {R'f.)-^{thickld{R'k{Cp(^p)))) / = thickid(5[5,)). 

(4) Let X € R^^{Cn) be such that RkiX) is of type n, i.e., Rk{X) € Cn \Cn+i. From 
the proof of (2), we know that Rk{Cp(^p^) is of type 0. From the Kiinneth formulas 
for K{n) and K{n + 1), it follows that Rk{Cp{j,-^ A X) = Rk{Cp(^p)) A RkiX) is of 
type n. Therefore, 

C'7?(p) AX e (thickid(C'7?(p)) n R'^^iCn)) \ (thickid(C'7?(p)) n R'^^iCn+i)) ■ 


□ 

Corollary 7.1.5. For k C C, thickid((Cr 7 )( 2 )) is neither of the form CjiK{n) for any 
n>0 (by Proposition \7. 1.4^1)) nor of the form Rf^iCn) for any n > 0 (by Proposition 
7^2) and (3)). 

For A: C M, the statements analogous to (2) and (4) of Proposition 17.1.41 read as 
follows. 

Proposition 7.1.6. Let p denote the Hopf map in Sl-L{k), A; C M. In iSH.{k)f)the 
following inequalities hold. 

(1) thickid(C'r 7 (p)) % for any m > 0 (p,n arbitrary) or, if p = 2, m = 0 

and n > 1 . 

(2) Let {m,n) and be pairs of integers > 0 such that 'L/2-equivariant spectra of 

types (m, n) and (m',n') exist (see Chapter W- If p is any prime and m ^ m' or 
p = 2 and max(n, 1 ) ^ max(n', 1 ) then 

thickid(C'r/(p)) n 7 ^ thickid(C 77 (p)) n {R'^)~^(Cm',n')■ 

Otherwise, the two thick ideals are equal. 

Proof. (1) is a reformulation of the second part of Proposition 17.1.31 For (2), take 
X = c'f.{Xm,n) or any other spectrum whose realisation is a spectrum of type (m, n). 
Then R'j^iCp(^p) A X) = i?^(C'ry(p)) A R'^iX) is the smash product of a spectrum of type 
(0,oo) if p is odd ((0,1) if p = 2) with a spectrum of type {m,n). By the equivariant 
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Kiinneth formula, Corollary I3.2.21 it follows that R'f^{Crj(^p'^ A X) has type (m, oo) if p is 
odd and (m, max(n, 1)) if p = 2. Consequently, thickid(C'r/(p)) n {R'j^)~^{Cm,n) is equal 
to thickid(C'7?(p)) C {R'k)~^{Cm,oo) if P is odd and to thickid(C'r/(p)) C (-Rfc)“^(Cm,max(n,i)) 
if p = 2. The intersection is not contained in for any m' > m or, if p = 2, 

for any n' > max(n, 1). □ 

Related to the previous propositions are the following conjectures. 

Conjecture 7.1.7. (1) R'^^{Cn) % thickid(C'77(p)) for all 0 < n < oo. 

(2) C^xin) 2 thickid(C'r/(p)) for all re > 0. 

(3) The thick ideals thickid(Cr 7 (p)) n CAK{n) distinct for different re > 0 and in 
particular nonzero if n < oo. 

(4) For /c C M, thickid(C'r/(-p)) C (i?'^)“^(Co,oo) for odd primes p and, for p = 2, 
thickid(C'r/(p)) C (R'^)-i(Co,i). 

(5) For k CM., ^ thickid(C'ry(p)) for all 0 < m,n < oo. 

Remark 7.1.8. A possible approach for proving (1) or (2) might be to choose a motivic 
spectrum X whose realisation is of type re (e.g. Ck{Xn)) or a spectrum which is of 
motivic type re (e.g. as constructed in Chapter [8]), respectively. If one can show that 
H*{X, [ri~^]) 7 ^ 0, this proves (1) respectively (2). 

An idea to prove (3) is to choose a spectrum X of motivic type re and to show that 
Cp A A is again of motivic type re for this particular choice. 

For (4), p odd, one has to find a spectrum X G (R^)“^(Co,oo), which is not contained 
in thickid(C'ry(-p)). X = SpecC+)(p) satisfies the hrst condition and it might be 
possible to show H*{X, 0, which would imply the second. Since Co,oo C 

Cop, the same X could be used for the case p = 2. 

Remark 7.1.9. If and only if the hrst conjecture is true, the ideals in Proposition 
I7.1.4l 4i are different from the ideals Rf^(Cn) for all re > 0. 


7.2 Prime ideals 


Let us recall some 
gulated categories. 


results of Balld ]. where Balmer studies prime ideals in tensor trian- 


Definition 7.2.1. A prime ideal is a proper thick ideal C with the additional property 
that X AY G C implies X G C or Y € C. The set of prime ideals of a tensor triangulated 
category T is denoted by Spc(T). 


In Balld ]. the endomorphism ring of the unit object of T is denoted by Rj-. To 
avoid c onfusion with the realisation functors, we use the notation ttF instead of Rp. In 
Balld . Corollary 5.6], Balmer dehnes a functor 


PT ■■ Spc(r) Spec(7r(f), 
pr(r)={f€7rl \C(f)^P}, 
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which he proves to be surjective if T is connective Ballfll . Theorem 7.13], where con¬ 
nectivity means that Hom7-(5, S*5) = 0 for all i > 0 and S the unit object of T. 
Furthe rmore, this functor is natural for tensor triangulated functors / : T T' hy 
Balld . Theorem 5.3(c) and Corollary 5.6(b)]. 


7.2.1 Prime ideals in the topological categories and S'H{Z/2)f 

Applied to this yields the following [Balld . Proposition 9.4]: 

All proper thick ideals Cn C STL'I^y, 0 < n < oo are prime ideals, as can be seen 
either from the Kiinneth formula for K{n) or by the linear ordering of the Cn- The 
functor 

: Spc(57^^pp Spec(Z(p)) 

has the following values: 


{Cn) 

(p) 


if n > 1, 
0 if n = 1. 


Note that Cq is not proper, so it is not in S'pc{STLy'^). Note also that Ballfl ] uses a 


different indexing convention, in which the indices are shifted by one. 

The prime ideals in the non-localised category STL^''"' are given as follows. 


Proposition 7.2.2. A subcategory C C is a prime ideal if and only if there exist 

a prime p and a number 1 < n < oo such that 


c = Cp^n = {x e I K{p, n - 1)* A = 0} 


if n < oo, or 

c = Cp,oc = {Xg I A(p) = 0 } 

if n = oo. Here, Cp^i = Cgp = Ci for any primes p and q. Except for n = 1, the Cp^n are 
pairwise different. 

The functor Pg-^fin : Spc(iS'H'^*”) — >• Spec(Z) maps Cp^n to pZ for any n > 1 and it 
maps Cl to 0. 


Proof. This is Balld . Corollary 9.5]. We give another proof of the first statement. By 


Theorem 13.4.51 any thick ideal of is an intersection 


c=f]{X €I A(p) e Cn, c SH§;} 

p&p 


for some set of primes P and some numbers 1 < < oo. If |P| = 0, then C = 

which is not proper, and, thus, is no prime ideal. Assume |P| > 1. By Proposition 13. 3. SI 
the intersection of two thick ideals I and ff satisfying X ^ J and J %X \s never a 
prime ideal, because it contains all A A A with A € X and A E J7. It follows that, if C 
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is a prime ideal, then |P| = 1. This proves that any prime ideal of is of the form 

C = {X € I X(p) € Crip} for some prime p and some 1 < np < oo. 

On the other hand, the Kiinneth formula implies that K{p,n)^{X A Y) can only be 
zero if K{p,n)^,X = 0 or K{p,n)PY = 0, proving that Cp^n as above is indeed a prime 
ideal. Note that, for n = oo, we have X G Cp^n if and only if K{m)^{X) = 0 for all m > 0, 
so Cp^oo is also a prime ideal by the Kiinneth formula (using that K{m + 1)*(X) = 0 
implies K{m)^,{X) =0). □ 


Now we turn to the Z/2-equivariant category, T = S'H{'L/2)f. By jSegTOl . Corollary 
1], the map 

[/] ^ (deg(/^^^),deg(/^/2)) 




is an isomorphism to the Burnside ring A{Z/2) = Z © Z. Hence, [Ba n3, Theorem 7.13] 
yields surjective functors 


PsH{m)f ■ Spc(57^(Z/2)/) Spec(Z©Z) 


and 

/5(<SW(z/2)j.)(p) : Spc((5?7(Z/2)/)(p)) ^ Spec(Z(p) © Z(p)). 

Proposition 7.2.3. A thick ideal Cm,n ^ (57^(Z/2)j)(p) is a prime ideal if and only if 
— Cm,0; b ^ ^ — OO, OT (drn^n — Co^n? 0 © U © OO. 

Proof. From Section [3.51 we know that any thick ideal in {S'H{’L/2) is of the form 
Cm,n = {X I G Cm and 4>^/\X) G Cn} = Cmfl H Co,n. 


By Proposition 13.3.81 this is equal to {X AY \ X £ Cmfi,Y G Co,n}- It follows that 
Cm,n being a prime ideal implies Cm,n = Cm,o or Cm,n = Co,n- On the other hand, if 
either m or n is 0 then Cm,n is a prime ideal by the Kiinneth formula for K{m, {1}) or 
K(n,Z/2). Note that Co,o = (‘57^(Z/2)j)(p) is not a prime ideal since it is no proper 
subcategory. □ 


'' 0,71 


implies 


Remark 7.2.4. As a consequence of Strickland’s results Strld j. Cm,n = 0 
m = 0 but Cm,n = Cm,o does not always imply that n = 0. This follows from Corollary 
13.5.31 for m < n, a type (m, n)-spectrum Xm,n always exists, and Xq^^ € Co,n \ Cm,n for 
all m > 0. On the other hand. Proposition 13.4.71 implies that, for p = 2, Cm,o = Cm,n for 
any 0 < n < m — 1. 


Recall from Definition 13.5.21 that the thick ideals in (57^(Z/2)j-)(p) are in bijection 
with a lattice Pp C (Z>oU{oo}) x (Z>oU{oo}) containing all (m, n) such that a spectrum 
of type (m, n) exists. In the case just considered, (m, 0) would not be in r 2 (at least for 
m > 1). In terms of the bijection to Pp, the above proposition instead reads as follows: 

Corollary 7.2.5. For any {m,n) G Pp, the thiek ideal Cm,n is a prime ideal if and only 
if one of the following conditions holds: 

(1) {m,n) = (0, n), with 0 < re < oo, 
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(2) 0 < m < oo, 0 < n < oo and (m, n — 1) 0 Fp. 

For evaluating the functor P(s'H{'Z/ 2 )f)(^py use the first description of the prime 
ideals in {S'H{'Z/2) given by Proposition 17.2.31 

Proposition 7.2.6. The functor 


PiSHCLmpiv) ■ Spc((‘57^(^/2)/)(p)) ^ Spec(Z(p) ©Z(p)) 
has the following values: 


P(5W(Z/2)p)(p) (Cm,o) 


P{5H(Z/2)^)(p) (Co,n) 


0 © Z(-p) 

if m = 1 

pZ(p) © Z(p) 

if m > 1, 

© 

o 

if n = 1 

Z(p) ©pZ(p) 

if n > 1. 


Proof. By |Balld . Corollary 5.6(b)], p-j- is natural in T. Since X € Cm,,o is only a 
condition on X and X G Co,n is only a condition on the fixed point functors 

can be used to derive this result from the nonequivariant case. Note that the induced 
functor between the endomorphism rings, 


7ro(</>^) 


(<S'H(Z/2)p)(p) 

TTq —^ TTq 


is the projection onto the first summ and of Z © Z if iF 
summand ofZ©ZifiF = Z/2 SegTfll . Corollary 1]. 


{1} and onto the second 

□ 


The generalisation to the non-localised category STL(fL/2)j works similarly as in the 
non-equivariant case. In particular, any prime ideal in S'H{'L/2)f is the preimage under 
the p-localisation functor of a prime ideal in (iSF^(Z/2)j)(p) for some prime p. 


Sum marisin g the result, we can say that all information on thick ideals in STL{fL/2) f 


Balldl— -namely, that they map surjectively to Spe c(Z©Z )—is recovered in the 


Strip ] as presented in Chapter [3l Furthermore, Striol ] does not only specify 


given m 
results of 

a preimage of any element in Spec(Z © Z) but gives a complete list of all possible such 
preimages. 


7.2.2 Prime ideals in the motivic category S'H{k)f 

Balinl . Section 10] studies T = S'H{F)f for F a perfect field, in which case the map 
Pf : Spc(T) —>■ Spec(GVF(F)) is surjective. That is, Spec(GbF(F)) gives a lower bound 
on the thick ideals of S'H{F)f. 
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For F = C, the naturality of pj- yields a commutative diagram: 


Spc(5^(C) f) —^ Spec(7rg ) 


Spc(R) 


Spec(7ro(_R)) 


SpciSn^n Spec(7ro^«'"). 


The map Spc(i?) takes a prime ideal C of to its preimage under R = Rq- The 

endomorphism ring is isomorphic to Z, generated by the identity —)• S^. By 

MorOfil . Corollary 4.11], the same holds for = Z. Since i?(id : 5^ —> 5^) = 

(id : —)• 5*^), it follows that the map Spec(7ro(i?)) is isomorphic to the identity map 
Spec(Z) —)■ Spec(Z). Thus: 


Corollary 7.2.7. For any 0 < n < oo, the thick ideal R ^(C„) C [SH.{C)f)is a 
prime ideal, and 


P{SH{C)f)^^){R HCn)) 


0 if n = 1, 

pZ(p) if n > 1. 


Remark 7.2.8. From Proposition I7.1.4lf 2i or Proposition 10.4], we know that 

Spc(R) is not surjective, since Cp lies in some prime ideal which is not of the form 

R-\Cn). 


For T = M, there is also a commutative diagram: 


Spc(57^(M)j) 
Spc(H') 

spc{sn{z/2)f) 


■ Spec(7ro 


Spec(7ro(i?')) 


Spec(vrg^^(^/^)0. 


Lemma 7.2.9. In the above diagram, the right map Spec(7ro(ii^)) is an isomorphism. 

Proof. The realisation functor R' maps generators of ttq = GW (E) = Z © Z to 
generators of ttq ^ . This follows from [MorOfil . Section 4] and is explained on [Dugl2 


Slides 15-16 and 22-24]: is generated by 1 and e = —1 — p-ip (in GVF(E), 

e corresponds to the quadratic form q{x) = —x^). T he elern ent e € is also 

represented by the twist map 5^’^ A —)• 5^’^ A |Dugl2l . Slide 22]. Now, = 
Gm = \ {0} is mapped by R' to the circle with Z/2 acting by involution, which is 

also denoted by 5^’^. Hence, R'{e) = e : 5^’^ A 5^’^ —>• 5^’^ A 5^’^, the twist map in 
S'H{’E/2). By Dugl2l . Slide 16], 1 and e are generators for Thus, 7ro(i?') : 


SniR) ^ 5H(Z/2) . . , . 

tTq —>■ tTq is an isomorphism. 


□ 
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Corollary 7.2.10. For any prime ideal Cm,n ^ (<S'H(Z/2)j)(p), (i?') ^{Cm,n) is a prime 
ideal 0 /(5'H(M)y)(p) and P(s'h(R) i^m,n)) can be identified with the same prime 

ideal © Z^-pj as P(^s'H(z/ 2 )f)(^p^{Cm.,n)- 

Remark 7.2.11. Coniecture I7.1.7T 41 would imply that in the above diagram, {R')~^ 
is not surjective, as thickid(C? 7 (p)) would have to lie in some prime ideal which is not of 
the form {R')~^{Cm,n)- 

Remark 7.2.12. Since the Kiinneth formula might not hold for AK{n), we do not 
know whether or Cj^x{m,n) prime ideals. 

Remark 7.2.13. If /c C C or A: C M is a field such that Spec(Gkh(C)) —> Spec(Gkh(A:)) 
is not surjective or Spec(GVk(M)) —)• Spec(Glk(/c)) is not surjective respectively then 
[Balld . Corollary 10.1] already implies that there is an infinite family of thick ideals in 
S'H{k)f which are not of the form R'^^{C) or {R'yfi~^{C) respectively. 
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Chapter 8 

Motivic type-n spectra 


Definition 8.0.1. Let AK{n) be the motivic Morava K-theory spectrum as defined in 
Definition [631TJ We say that X € {S'H{k)f)(^p'^ has motivic type n if AK{n — l)^^{X) = 0 
and AK{n)^^{X) / 0. 


A priori, the motivic type of X might not be unique, as we do not know whether 
CAK{n-i) ^ Cak{s) for all s < n. In Section [9^ we will prove that any X £ 
p > 2, has a unique motivic type. For any prime p, the motivic type-n spectra that we 
are going to consider in this chapter satisfy AK{s)^,^{X) = 0 for all s < n. 

jfin 


Remark 8.0.2. In the topological category , the notion of types is equivalent 

to the notion of thick ideals by the thick subcatgory theorem HS98I . Theorem 7]. In 
Chapter [3l we have seen that, in equivariant homotopy theory, a more general notion 
of types is required. Also in the motivic world, not every thick ideal can be described 
in the language of types, as defined above. For example, as shown in Chapter [71 the 
motivic Morava K-theories AK (n) do not distinguish between the nonequal thick ideals 
thickid(C'7/(2)) and thickid(S'° 2 )); as both are generated by a spectrum of motivic type 0. 

In this chapter, we will often assume k = C, because we will need explicit knowledge 
of H** and of AK{n)^,^ for some of our arguments. The results might hold in greater 
generality, but this seems to require different methods of proof. 

If Xn £ has type n (see Definition [2TTT]), then c{Xn) £ has motivic 

type n fSection 18.711 . That is, c{Xn) £ C^K(n-i) and c(Xn) ^ CAK(n)- any given 
re, we show how to construct a spectrum Xn S (‘57^(C)j)(p) with motivic type re that 
is not in the image of the fun ctor c. The con structio n will be similar to topological 
construction s giveii by Mit85 . Section 4] and [Rav92l . Appendix C]. We stick to the 
approach in E,av92l ] but we believe that a motivic version of Mitchell’s spectrum would 
give another spectrum of motivic type re. 

This chapter is organised as follows: 

We first discuss some foundations that are needed to apply the motivic Adams 
spectral sequence and obtain a vanishing result for motivic Morava K-theory (Theorem 
18.4.11) . Afterwards, we construct a spectrum satisfying the conditions of the theorem 
and we prove that it has indeed motivic type re (Section 18.51) . Finally, we compare 
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our findings to a constant type-n spectrum, c{Xn) iSection 18.71) . realising that motivic 
Morava K-theory does not distinguish the thick ideal generated by X„ from the one 
generated by cXn, meaning that both spectra have motivic type n. We partly calculate 
their types with respect to the cohomology theories c{K{s))^ as well. However, we do 
not have the answer to the question whether thickid(X„) equals thickid(c(X„)). 


8.1 Universal coefficient and Kiinneth theorems 


This section states some general results, which hold in ST-L{k), k any field, and which 
will be used later on. In the whole chapter, we use the notation H = HX/p. Recall 
from Remark 16. 3. 3lf If t hat H is cellular. 

Proposition 7.7 in |DI05| | describes the following universal coefficient spectral se¬ 
quences: 

Proposition 8.1.1. Let E € ST-L{k) be a motivic ring spectrum, M a right E-module 
and N a left E-module. Furthermore, assume that E,M ^ S'H{kY‘^^^ (see Definition 

(1) There is a strongly convergent spectral sequence 

E^ = Torf^**^(M„, V„) ^ TTa+b,c{M Fe N). 

(2) There is a conditionally convergent spectral sequence 

E2 = Ext^^’''(M**, W*) ^ 'K_a-h-cFE{M,N), 
where Fe{—,—) denotes the E-function spectrum. 

We apply (2) to the case E = H = H^Lfp, M = A A H and N = H for A a cell 
spectrum and get: 

ExtH„ (H** A, H**) ^ TT^.FffiA A H,H) = H** A. 


If H is a finite cell spectrum, we can also apply the spectral sequence to the case 
E = H, M = F{A, H), N = H: 

ExtH** (H** A, H**) ^ e^^Fh{F{A, H),H) = 7r**F(F(H, 5°), H) = H** A. 


The first equality holds because F{A,H) = F{A,S^) A H for fin ite A and the second 
holds because taking the dual of A twice gives A again (see LMS86I . Proposition III.1.3]). 

In the case of vanishing higher Ext-groups, the spectral sequence collapses and we 
get the following result: 


Corollary 8.1.2. If A ^ S'H{kY^^^ is any cell spectrum such that H** A is free over 
H**, then H** H = Homn,,(H** H, H**). If A is a finite cell spectrum with H** H free 
over H**, then A ^ HomH**(H" A, H"). 


rem 


The un iversal coefficient spectral sequence also implies the following Kiinneth theo- 
DIOSl . Remark 8.7]: 
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Proposition 8.1.3. Let A and B be motivie spectra such that A is a finite cell spectrum. 
IfH**A is free overH**, then 

H**(A) (8)h** ^ H**{A A B). 


8.2 The motivie Steenrod algebra 


In this section, too, we let H = HX/p. Let fe C C. 

The motivie mod-p Steenrod algebra, A = A** has first been defined in [Voe03bl . 
Sec tion 11 ] as the algebra of ce rtain b istable natural transformations H**(—) —H**(—). 
By VoelflI . Theorem 3.49] and Hovl3 . Lemma 5.7], A is the algebra of all such operations 
and, as an H**-module, 

A = H** Aop, 

where Aop is the topological mod-p Steenrod algebra. Thus, as H**-modules, 




„RP< 


^FpiQo, Qi, • • •), 


where RP is the Fp-module generated by certain products of reduced powers P* : 
H**(—) —> f > 0, and Afp((5o) Qi, • • •) denotes the exterior alge¬ 
bra over ¥p generate d by Q i : H**(—) ^ defined in |Voen3b . 

Section 13]. See also [Born3l . Corollaries 3 and 4] or jYag05|, Equation (2.18)]. 

Borghesi |Bor03 . Theorem 12] computes the cohomology of the motivie connective 
Morava K-theory spectrum, which can be expressed by the same formula as in topology. 


Proposition 8.2.1. 


H**{Ak{s)) =A/AQs = H**mP^Awp{Qo,--- ,Qs-i,Qs+i,-■ ■)■ 

If X is a finite cell spectrum such that H**(X) is free over H**, we can apply the 
Kiinneth theorem to Ak{s) A X. 

Corollary 8.2.2. Let X € Sn{k)A^ with H**(X) free over H”. Then 

H**{Ak{s) AX)= A/AQs H”(X). 

Writing A(Q 5 ) for the exterior algebra over H** generated by Qs, we have A = 
AjAQs 0H** Any resolution of H** X by projective A((5s)-modules Pi yields a 

resolution AjAQs Cir** Pi of AjAQs <8)h** H** A1 by projective Amodules. This implies 
the following change of rings isomorphism. 

Corollary 8.2.3. For any finite cell spectrum X with H**(X) free over H**, we have 

ExA(H**(Afe(s) AX),H**) ^ ExtA(Q,)(H”(X),H”). 

This isomorphism will later be applied to the motivie Adams spectral sequence for 
AA;(s)„(X). 
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8.3 The motivic Adams spectral sequence 


Recall the notation H = HT^/p. Let fc C C. 

Our aim in this section is to show the existence and convergence of the following 
Adams spectral sequence: 


E. 


S,t,U 


2 = Ext^*’“(H”(AA:(s) A X),H* 


Akis)^^{X) 


for finite cell spectra X € STL{k)f'’^ (see Definition I5.2.ip . with H** X free ov er H 


Motivic Adams spectral sequences were first described in Mor99t]. HKOlll . Corollary 
3] shows that over fields of characteristic 0, the Adams spectral sequence for a motivic 
cell spect rum X of finite type converges to the homotopy groups of the completion 
DI10(], calculations are ma de for the case p = 2, X = S. More details and 


WA 


In 


explanations can be found in IStal2ll. The convergence of the Adams spectral sequence 
for Ak{s)AX will follow from [HKQ11 |. However, we have to start a gain fro m the Adams 
resolution, to get the limit term A/c(s)**(X) using arguments from RavSd . Section 2.1], 
and to get a module structure on the sequence. 


Definition 8.3.1. An Adams resolution (Yg, gs, Ks, fs)s>o for a motivic cell spectrum 
Y G STL{kY^^^ is a diagram 


y: 


:yn 


Rn 


■Ri 

/: 

Ki 


^ 50 

^ 92 

fo 

fl 


Y2 


93 


h 


K2 


where each Kg is a wedge of suspensions of H, fg is surjective on motivic mod-p coho¬ 
mology and Yg^i is the fiber of fg. 


Such an Adams resolutio n exists whenever H** y is a free module over H** of mo- 
tiv ically finite type |HK011 |. Stal2 . Section 2.5.4]. The finite type condition is defined 
in [piinl . Dehnition 2.12]. For our purposes, it suffices to know that, if the generators 
of H** y are located in degrees {ia,ja)a with ia bounded below and, for each a, there 
are only hnitely many /3’s with ia = ip and ja > jp, then H** Y is of motivically finite 
type. This holds, for example, if y € S'H{k)^^"'. 


Corollary 8.3.2. Let X be a finite cell spectrum such that H** X is free over H** and 
let Ak{s) be the motivic connective Morava K-theory spectrum (see Definition \ 6. 3.1\) . 
Then Y = Ak{s) A X satisfies the finite type condition as described above. 

Proof. By Corollary 18. 2. 21 H**(y) = A/AQg®\p* H** X. The motivic Steenrod algebra 
A is of motivically hnite type, since, for the bidegrees {ia,ja) of its H**-generators, ia 
and ja are nonnegative and there are only finitely many generators of a fixed bidegree. 
The same holds for A/AQg. Furthermore, H** X is of motivically finite type, since X is 
finite. It follows that the tensor product AjAQg (8)h** H** X is also of motivically finite 
type. □ 
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Corollary 8.3.3. (Convergence of the ASS) 

Let k = C (or any other field satisfying the assumptions of iHKOlA . Theorem 1]) 
and let X be a finite cell spectrum such that H**(A) is a free H**-module. Then the 
Adams spectral sequence for Y = Ak{s) A X, s > Q, strongly converges to Ak{s)*^{X). 

Proof. Since Y is of m otivically finite t ype by th e previous corollary, strong convergence 
follows from HKOlll . Corollary 3]. By HKOlll . Theorem 1], the spectral sequence con¬ 
verges to the p-completion of n^^Y. Since Ak{s) is a quotient of ABP/(p) by definition, 
Y^ = Y, whence the limit term is Afe(s)**(X). □ 


Remark 8.3.4. In Corollary 18.3.31 X does not neccessarily need to be finite. All we 
need to know is that Ak{s) AX is of motivically finite type. 


In Theorem 18.41 it will be crucial that this particular spectral sequence is a spectral 
sequence of (MGL(p))**-modules. 

Since Ak{s) is an MGL(p)-module spectrum by Remark 16.3.31 31. Ak{s)^.*X and 
H**(AA:(s) A X) are (MGL(p))**-modules. Before we can prove compatibility of the 
Adams s pectral sequence with the module structure, we need to determine H**AA:(s). 
Borghesi Born3l . Theorem 5 and Remark 2.2] shows: 


Lemma 8.3.5. 


H**(MGL) = H**[mi,m2, • • • ] = H** 0Fp H*(Mt/, Z/p). 

Since 7r**(R A MGL(p)) = A MGL) and R(p) = H, it follows that also 

is a free H**-module with basis elements mi = ■ ■ ■ m^(. Here, m, 

is defined as the Hurewicz image of Oj G MGL 2 i^i and a, is the image of a polynomial 
generator of MU^. The motivic connective Morava K-theory spectra are defined as 
homotopy colimits of spectra Ei, which are defined by successively taking cofibers of 
maps iHi-i, starting from MGL^j,-^ (see Definition 16.3.111 . Passing 

from H** Ei-i to H** Ei, the H**-basis changes but the fact that the homology is a free 
H**-module remains true for each i. 

Corollary 8.3.6. H**(AA:(s)) is a free }l^,^-module. Hence, 

H„(AA:(s)) ^ HomH-(H"(AA:(s)),H"). 

Proof. The second statement follows from Corollary 18.1.21 For the cellularity of Ak{s), 
see Remark lb.3.31 11. □ 

Proposition 8.3.7. Let k and X be as in CoroHarv \8.d.tA The Adams spectral sequence 
for Ak{s) AX is a spectral sequence of {MGLf^p^)^^-modules. 

Proof. We show that there is an Adams resolution by MGL(p)-modules. The con¬ 
struction of the spectral sequence from the Adams resolution preserves such a module 
structure in every step and the claim will follow. 
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We use similar arguments as in Corollary 18. 3. 31 but starting with an Adams resolu¬ 
tion {Xt, gt, Kf, ft} for X. Then we take the smash product of such a resolution with 
Ak{s) and show that this yields an Adams resolution for Y = Ak{s) A X. Since Ak{s) 
is an A/GL(p)-module, this will be a resolution by MGL(p)-modules. By definition, ft 
is surjective on cohomology, which is equivalent to gt inducing zero in cohomology. It 
follows that Ak{s) A gt induces zero in cohomology, hence, Ak{s) A ft is surjective on 
cohomology by the long exact fiber sequence. 

It remains to show that Ak(s) A At is a wedge of suspensions of H. Consider one 
wedge summand H of A*. By Corollary 18.3.61 A H) is free over 7r**(A). 

Furthermore, Ak{s) A A is a cellular A-module. Therefore, Hovl3l . Lemma 5.3] implies 
that Ak{s) A A is split, that is, Ak{s) A A = \/ S** A, as we wanted to show. □ 


8.4 Vanishing criterion for motivic Morava K-theory 


Now we can prove the following motivic version of the vanishing result |Mit85l . Theorem 
4.8]. 

Theorem 8.4.1. (Vanishing criterion) 

Let p be any prime, s > 0 and k he as in Corollary \8.8.d[ Let X € STi{k)^^"‘ he a 
finite motivic cell spectrum such thatH** X is free over A{Qs) (the exterior algebra over 
as a module over the Steenrod algebra. Then 

AA(s)**A = 0. 


Proof. With the preparations made so far, the rest of the proof is exactly as in [Mit85l . 
Theorem 4.8]. Since AK{s) = vT^Ak{s), it suffices to show that Ak{s),tt:X is u^-torsion. 
We apply the change of rings isomorphism, Corollary 18.2.31 to the Adams spectral 
sequence for Ak{s) A X and get: 


A2-ExtA(Q^)(H” A,H* 




By the assumption on X, this collapses to Homy\^(Q^)(H** A, H**) = Ak{s),tt.X, and, 
by the previous proposition, this is an isomorphism of (MGL(p))**-modules. Since 
(AfGL(p))** acts trivially on the left hand side of this isomorphism, Vg acts trivially on 
Afe(s)**A, too. Hence, AA(s)**A = 0. □ 


8.5 Construction of an X such that is free over A{Qs) 

In this section, we assume k = C because we will work explicitly with H** = IFp[r], 
deg(r) = (0,1) (see Lemma [6.3.6l) . The construction of a spec trum X with the properties 
required in the previous theorem can be done similarly as in |Rav92 . Appendix C]. That 
is, one starts with a so-called weakly type n spectrum (n > s) and then uses a particular 
idempotent to split off a (strongly) type n spectrum of a certain smash power of it. 
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8.5.1 Idempotents for free H**-modules 


For V** an Adams graded graded abelian gr onp (i.e ., V** has a sign rule in the first 


NS0n9l. Section 3]) which is a free H* 


grading but not in the second one, see e.g. 
module, let and V~ = ^ be the even and odd dimensional 


p even 


p odd 


parts of V. That is, commuting with an element of does not change the sign but 
commuting two elements of V~ does. For a vector space V* over Fp, Ravenel defines 
a number ky and an idempotent ey € which only depend on dimp^ 1/+ and 

dimpp [Rav92l . Appendix C.2]. The analogous definition can be formulated using 
dimn** and dimn** V~ for our bigraded H**-modules. The symmetric group 
acts on by permuting the factors. As V is an Fp-module, this induces an action 

of on . For our purposes, it will not be important to know the precise 

definitions of ky and ey. We just need to know that they are defined in such a way that 
the following analogue of Rav92l . Theorem C.2.1] holds. 


Pr oposit ion 8.5.1. Let ky and ey G Z(p)[Sfc^,] be the number and idempotent defined 
in Rm)9i . Appendix C.2] and let W = Then eyW fiO. If U CV has diml7+ < 


dimV+ — 1 or dimC/ < dimV — {p — 1), then eyU®^^ = 0. Here, dim denotes the 
H**-dimension and 0 denotes the tensor product over H**. 


Proof. The proof of Rav92l . Theorem C.2.1] applies to our setting without changes. 


□ 


We will need the following Lemma. 


Lemma 8.5.2. Let M be a module over Fp[r, which is free as a module over 

Fp[r] and free as a module over¥p[Q]/Q‘^. Then M is a free ¥p[T,Q]/Q‘^-module. 


Proof. Let be a basis of M over Fp[r] and {nj}jgj a basis over ¥p[Q]/Q‘^. Then 

M is a free Fp-module with bases {T^rni}i^i^k€N and {nj,Qnj}j^j. As an ¥p[Q\/Q'^- 
module, M decomposes as M = M' © QM' with M' = QM' = QM as Fp-modules. 
Hence, the elements ruj can be written as mi = ai-\- Qbi with ai,bi G M'. For any i G / 
such that both a* and bi are nonzero, we replace the basis element by the two elements 
Oi and Qbi. Then we still have a set of generators for M over Fp[r], which can be turned 
into a basis by removing elements. Hence, we can assume that all rui are of the form 
rui = Oi or mi = Qbi. Let T = {z G / | = a* G M'}. Then M' = Fp{T^aj}ig//^reN as 

an Fp-module. Hence, QM' = ¥p{QT^ai}i^j /and M = ¥p{T^ai,QT^ai}. It follows 
that {ai}ig// is a basis of M as a free Fp[r, Qj/Q^-module. □ 


Theorem C.2.2 of Rav92l | explains how to split off a free module over the exterior 
Fp-algebra generated by Qs from a module with nontrivial Qs-action. In our setting, 
this also works for the exterior H**-algebra A(Qs)- 


Proposition 8.5.3. Let V = C/©T be a splitting of A{Qs)-modules which are free over 
H**, and F Q be free over A{Qs). Then eyV®^^ is a free A{Qs)-module. 
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Proof. We write the tensor product as where F' = 0 

a-\-b=kv 

b>l 

By the proof of Rav92l . Theorem C.2.2], F' is free over the Hopf algebra ¥p[Qs]/Q\ 


which we abbreviate by E. Let us give the reason for this statement. We show that if 
the Ll-module U has basis {ui}i over Fp and F has basis {fj}j over E, then U (giFp F 
has Fp-basis {ui 0 fj,Qs{ui iX> fj)}i,j and hence is a free module over E. The module 
structure of C/ 0 T is dehned by Qs{u 0 /) = QsU ® f + u ® Qsf ■ Since {fj, Qsfj}j 
defines an Fp-basis of F, an Fp-basis of 17 0 F can be given by {ui fj,Ui 0 Qsfj}- In 


the formula Qs{ui 0 fj) = QsUi 
basis elements of U, hence QgUi 


fj + Ui 0 Qsfj, QsUi = Yr^Uk can be expressed by the 
0 fj G Fp{ufc 0 fj} and the basis elements Ui 0 Qsfj 


of 17 0 F can be replaced by Qs{ui ® fj). We obtain U ® F = Fp{ui 0 fj, Qs{ui 0 /,)}• 
Inductively, it follows that all mixed summands 17®“ 0 F®^ in are free and hence 

F' is free over E. 

The analogue holds if we consider U and F as free modules over Fp[r] instead of Fp 
and use 0]f^[p]. It follows that F' is free over A((5s). The direct summands are invariant 
under the Sfc^^-action. Hence, we have a short exact sequence 


0 


g^l7®W ^ ^ evF' 0. 


Since deg((5s) = (2p* — l,p* — 1), multiplication by Qs sends 17+ to 17“ and vice versa. 
It follows that dimF+ > 0 (and dimF“ > 0) and, hence, dimF+ < dim 17+. By the 
previous proposition, this implies evU®^^ = 0. It follows that eyV®^^ = eyF'. We 
have to show that eyF' is a free A(Qs)-module. As a module over the exterior Fp- 
algebra over Qg, this is a direct summand of a free module over a local ring. Hence, 
eyF' is free over ¥p\Qg\/{Ql). Since eyF' is also a free H**-module, it is free over 
A{Qg) = ¥p[T,Qs]/Ql by LemmaESiSl □ 

We can apply this to motivic cohomology in the following way: 

Theorem 8.5.4. (Splitting off free A(Qs)-modules) 

Let X G he a p-local finite cell spectrum such that Qg acts nontrivially 

on H**(X) as an element of the Steenrod algebra. Assume that V = H**(X) is a free 
H**-module and let Y = ev{X^^^). Then H**(y) is free over A{Qg). 

Proof. This is analogous to a statement in |Rav Theorem C.3.2]. Since Qg acts non¬ 
trivially, H**(X) contains a nontrivial summand which is free over A(Qs). The previous 
proposition yields the claim. Note that H**(eyX+^'^) = ey H**(X)®^'' by the Kiinneth 
theorem (Proposition [8T3]) and by the way Z(p)[Sfc^] acts. The Kiinneth theorem also 
holds for p-local finite spectra because p-localisation commutes with H**(—). □ 

y is a retract of the p-local finite cell spectrum , but maybe it is not hnite 
itself. Therefore, we need an additional argument which shows that Theorem 18.4. II holds 
for y. 


Corollary 8.5.5. For s > 0 and Y as in Theorem \8. 5.4\ AK{.s)^^,{Y) = 0. 


70 

















CHAPTER 8. MOTIVIC TYPE-N SPECTRA 


Proof. We have to show H**{Ak{s) A Y) ^ A/AQs ® h ** Since H** Y ^ 

, Y is of motivically finite type. Remark 18.3.41 applies and the claim 
follows as in the proof of Theorem 18.4.11 The left hand side of the claimed isomorphism 
can be rewritten as 

H**{Ak{s) A eyX^^^) ^ H"((l A ev){Ak{s) A X^^^)) ^{10 ey) H**{Ak{s) A 

Now we can apply the Kiinneth isomorphism and get {l'^ey){A/AQs®i{** 

This is isomorphic to AjAQs ®h** eyH**{X)^^"^ = A/AQs <8)h** which is the 

right hand side. □ 

This result tells us that, given a nontrivial Qs-action on H**(X), X € S'H{C)^^^y we 
can construct a spectrum Y for which 74ir(s)**(y) = 0. So, let’s construct such an X. 


8.5.2 A finite cell spectrum with nontrivial Qs-action and trivial Qr 
action 


Let k = C. We com bine ideas of Ravenel R.av92l | with computations by Voevodsky 


Voe03b|. In Rav92l . Lemma 6.2.6], the given example of a spectrum with nontrivial 


(5s°^-action, s < n, and trivial Qn°’’-action on H*(A) is A = , that is, the 

suspension spectrum of the 2p’^-skeleton of the classifying space RZ/p modulo its 1- 
skeleton. Cutting off higher dimensional cells l eads to a trivial (5n°*^-action, which is 
needed for nontrivial n-th Morava K-theory. In VoeOSbl . Section 6], the algebraic ana- 
logue to RZ/p is defined as Rpp = colim„ Vn/Hp, where Vn = A” \ {0} (see the proof of 
Voer)3bl . Lemma 6.3]) and fip acts by multiplication with a p-th root of unity in each of 
the n coordinates. Under R = Rq, this action realises to the Z/p-action on R^n-i ^ 
rotating each C factor by a p-th root of unity. 


Lemma 8.5.6. 


RiVn/f^p) - S^^-^/{Z/p) 

is the (2n — l)-skeleton of BZ/p in the CW-structure having one cell in each dimension. 
Proof. BTi/p is the inhnite dimensional lens space, as studied for example in |HatOI 


Example 2.43]. There, it is explained that the (2n — I)-skeleton is precisely the (2n— 1)- 
dimensional lens space, which is dehned as the orbit space ^^^“^/(Z/p). □ 


By HatOll . Example 2.43, page 146], the attaching map of the 2A;-cell of RZ/p is the 
quotient map -A jifL/p) . We dehne 14 € STL{C) to be the cohber of the 

quotient map of suspension spectra Vpn —>■ Vp^/fip, so that the following lemma holds. 


Lemma 8.5.7. 


R{Vn) = {BZ/pfP'^ 


Let B be the cohber of the composite map Vi/pp 
cell spectrum and satishes the following corollary. 


Vpn / Pp 


14. Then B is a hnite 
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Corollary 8.5.8. 


R{M) = {BZipff. 


The following is a special case of Voen3bl . Proposition 6.10] (as explained on VoeOSb, 
page 20 ]). 


Proposition 8.5.9. H**{Bpp) is a free H**-module with basis {v'‘,uv^ \ i > 0}, where 
V € H^'^{Bpp) and u E H^’^{Bijp). 


From this, it follows for dimensional reasons: 


Proposition 8.5.10. The cohomology H**B is the free H**-module with basis {u® j 1 < 
i < p^} U {uv^ 1 1 < i < p"' — 1}. 


Furthermore, Voevodsky shows Voe03bl . Lemmas 11.2 and 11.3]: 


Lemma 8.5.11. On 


H**{Bpp)/H*’>°H**iBpp)^¥p[u,v]/{u^ = 0), 

. 4 .) acts by j3{u) = v, P'^{u) = Ofori > 0 , (d{v^) = 0 andP'‘{v^) = . 

Ove r C, the action of Qi can be defined hy Qo = /3 and Qi+i = P^ Qi — QiP^^ 
Voe96l . Proposition 3.1]. From this, we can inductively compute the action of Qs on 
uv^ E We get Qs{uv^) = with c = 1 mod p, which is 

nontrivial for s < n and k < p^ — p^. It follows that Qs acts nontrivially on for 

s < n. 

Now we have all ingredients for the motivic type n spectrum in ST-L{C). 


Theorem 8.5.12. (A spectrum of motivic type n) 

For a fixed n > 0, let V = H**(B(p)) and X = then AiF(s)**(A) = 0 

for all s < n and AK{n)^,^,{X) 0 . 


Proof. For s > 0, AK{s)^^{X) = 0 follows from Corollary 18.5.51 whose assumptions are 
satished by the above considerations. 

For s = 0, note t hat AK{0) = p~^MGL(p)/(ai, 02 , ■ ■ ■) by Dehnition 16.3.11 The 


mam 


result of [HovIsI ] implies AK{0) =p ^{HZ)(^py It follows that 


AK{0)^*X = 7r**(p A A)(p)). 


But p acts trivially on VmlPp, which implies that X is p-torsion. Therefore, p~^X = 0 
and AK{0)^^X = 0 . It re mains to show that AiF(n)**(A) 7 ^ 0. This can either be 
done analogously to Mit85l . Theorem 4.8], using the motivic Atiyah Hirzebruch spectral 
sequence from Proposition 16.3.41 or by considering the topological realisation Rc{X). 
In Section [ 8 ^ we show that R{X) is of type n. It follows that X E R~^{Cn \ Cn+i). 
In particular, X 0 R~^{Cn+i). By Proposition 16.3.81 CAK{n) ^ R~^{Cn+i). This proves 
X 0 CAK{n)- n 
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Remark 8.5.13. The spectrum X is a retract of the p-local finite cell spectrum 
and it follows by Remark l5.2.4r ii that X is compact, i.e., X G 


Remark 8.5.14. X = is an example of a motivic spectrum with v anishing 


Margolis homology groups MHl'^{X) for all s < n, p,q € Z, as defined in [VoeOSal . 
Section 3]: we have shown that H**(X) is free over A{Qs), which implies that kerQ^ = 
imQ^ for Q, : H**(X) ^ H"(X). 


8.6 The type of the realisation R{X) 


Let k = C and B = {BZ/p)!^ ■ We already know that for R : S'H{C) —>■ STL, R{M) = B. 
Since R preserves A-products, it follows 


R{X) = R(ev(B(p))^W) = eyR((B(p)))^W = ev(i?(p))^W. 


The Fp-vector space is generated by sim ilar elem ents as the Fp[T]-vector space 

Y = H**(B(p)) (compare Proposition 18.5.lOl with [Rav92 . Lemma 6.2.6]). In particular, 
dimFp(H*(R(p)))+ = dimn** and dir niF„(H* (R(-pO)~ = dimn** V~. It follows that 


R{X) is the type-n spectrum defined in Rav92l . Theorem C.3.2]. 


8.7 The constant type-n spectrum 


In this section, let A: = C and let X^ = eyB^^^ be the type-n spectrum defined by 
Ravenel. We want to determine the motivic type of cXn, where c : STL STL{C) 
as in Chapter jH X„. is constructed via an idempotent from the hnite cell spectrum 
B = BZ/p^ |Rav92l . Lemma 6.2.6]. First, we calculate H**(cR). 

Proposition 8.7.1. Let X = T,°°Y be the suspension spectrum of a finite CW complex. 
Then H**(cX) = H*(X)[r] as ¥p-modules, where a generator in degree i from the right 
hand side maps to bidegree (i, 0) on the left hand side. 

Proof For any F € SH{C), we have H**(F) ^ A 5"). For F = 5°, we get 

^ ^ H*-’*’* ^ H*(5’*)[r]. Now let {Y’^)k be a CW decomposition 

of Y, that is, Y°°Y^ is the cofiber of some Y°°ak ■ —>■ We write X^ 

for Since c preserves cofiber sequences, we get a cofiber sequence of suspension 

spectra ^ cX^~^ —>■ cX^. It induces a long exact sequence 




H* 




H”(5; 


s > 


We assume inductively that let xR G ^). Since 

R{t) = 1 and R{ca) = a, we have 


R{{ca)* {xR)) = a* {R{xR)) = a*{x). 


The only element in which is mapped to a*{x) by R is a*{x)TT This proves 

(ca)* = a*[T]. By the five lemma, it follows that the map H**(cX^) ^ H*(X*^)[r], given 
by sending x G H*’-^(cX^) to R[x)Tfi is an isomorphism and, inductively, H**(cX) = 
H*(X)[r]. □ 
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Corollary 8.7.2. As ¥p-modules, 


H**(cB) ^ ^ \ l<k<p^}U {yx^ | 1 < A; < p*" - 1}, 

with deg(x) = (2,0) and deg(y) = (1,0). 


Proof. The cohomology of B is described in the proof of R.av92l . Lemma 6.2.6]. We only 
have to add the polynomial generator r € H**. □ 


For X = cY, Y a finite CW spectrum. Proposition 16. 3. LI implies the convergence of 
the motivic Atiyah Hirzebruch spectral sequence, 

^ ^ ^ AK{n)P’'^{X). 

By Remark l6. 3. 5l li. the realisation functor R maps this spectral sequence to the topo¬ 
logical Atiyah Hirzebruch spectral sequence: 


Em,t 

R 

■ 


dr _^ 2r+l,g—r,t+2r 

R 

jjip—2r+l,t+2r 

^ 5 


where {Ep'^'^^dr) is the spectral sequen ce ment ioned above and (Fr’*,d(.) is the Atiyah 
Hirzebruch spectral sequence (see, e.g., |Rav 93 . Theorem A.3.7]) 

pwt ^ HP+2*(i2(A)) ® K{n)t K{nf{R{X)). 

Note that there is no differential in between and since K{n)^ is concentrated 

in even degrees. 


Now let r be small enough, so that E^ and Fr are still equal to the 2-pages. Using 
Proposition 18. 7.11 the above square is 


HP+^\R{X)) • Ti+t 0 K{n)t - - -^ HP+2*+2’'+i(i2(X)) ■ 0 K{n)t+ 2 r 


R 

HP+^\R{X)) 0 K{n)t 


d' 


R 

'' 


HP+2*+2'-+l(i?(X)) 0 K{n)t+ 2 r. 


Since R{t) = 1, the vertical maps are isomorphisms. Hence, for this X, dr is completely 
determined by through dr = d'r ■ H ■ Taking homology, it follows by induction that 

^ pP,t 

■ r”? for all r < oo. Hence, this also holds for r = oo. Since both spectral 
sequences are strongly convergent, we get: 

Proposition 8.7.3. Let Y be a finite CW spectrum. Then 

AK{n)**{c{Y)) = 0 K{n)*{Y) = 0. 
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We have proven: 

Theorem 8.7.4. (Constant type-n spectra have motivic type n) 

The spectrum cX^, where Xn denotes RaveneTs type-n spectrum (or any other p-local 
finite type-n spectrum), has motivic type n. 

This and the previous sections can be summarised by: 

Corollary 8.7.5. Let X = cX^ or X = where . Then 

thickid(X) C CAK(n-l) LL R~^{Cn) 

is a chain of thick ideals in (57^(C)/)(pp and thickid(X) ^ R~^{Cn+i)- 

Recall that we derived the second of the above inclusions in Proposition 16.3.^ 

As cK(n) is another motivic model for Morava K-theory (see Section I6.3.2p , we can 
likewise ask the question, whether also thickid(X) C Let us first consider cX^- 

Proposition 8.7.6. cK{s) A c(Xn) = 0 if and only if s < n. Hence, 


thickid(cA„ ) C CcX(n-l) ^ R ^(Ln) 
in {S'H{C,) f)Furthermore, thickid(cA'„) ^ R~^{Cn+i)- 

Pr oof. We have c{K{s) A Xn) = 0 if and only if Xn is in C^+i, since c is fully faithful 
by Levl4l . Theorem 1], Since Xn & Cn\ Cn+i, the first claim follows. The second claim 
holds because R{cXn) = Xn- □ 

For X„, we know so far: 


Lemma 8.7.7. If s > n, then cK{s) A X„ 7^ 0. 

Proof. Assume cK{s) A X„ = 0. Then R{cK{s) A X„) = K{s) /\ Xn = 0 and it follows 
s < n. □ 


For now, the question whether cK{s) A X^i = 0 for s < n remains open. If it is true, 
then thickid(X„) C Ccii:(n-i) ^ R~^{Cn)- If it is not true, then thickid(X„) ^ C(,x(^n-i) 
and in particular X„ ^ thickid(cA„) and thickid(X„) thickid(cX„). 


Summary. 

We have constructed two different lifts of a topological type-n spectrum to the mo¬ 
tivic category (5?^(C)/)(p), one of them is in c{SH^^^^) and the other one is not. These 
are candidates for generators of different thick sub-ideals of R~^{Cn) inside (5'H(C)/)(p). 
We proved that both spectra have motivic type n, meaning that the thick ideals gener¬ 
ated by them cannot be distinguished using motivic Morava K-theories AK{s). It is an 
open question, whether these ideals are equal or whether they can be distinguished by 
some other motivic model for Morava K-theory or any other method. 
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Chapter 9 

Bousfield classes 


So far, we have seen that the thick ideals R^^Cn form a descending chain and that 
CAK{n-i) is a thick ideal contained in R^^Cn- However, we have not seen that the thick 
ideals CAK{n) form a descending chain themselves. The aim of this chapter is to prove 
this, at least for k = C and finite cell spectra. That is, we prove that AK{n)^jfX = 0 
implies AK{n — = 0 for X G where n > 1 and p > 2 lTheorem l9.6.4p . 

As is done in topology Rav84l . Theorem 2.11], we will work in terms of Bousfield classes 
(Definition 19.0. ip . 

We proceed as follows. In the first two sections, k can be any subfield of C. In 
Section r9.il we show that u,i-torsion is also Un-i-torsion (Theorem [9TT]). Then we show 
that some basic results on Bousfield classes also apply to the motivic setting (Lemma 
19.2.21) . In Section [9l3l we construct a product on AP{n). Here, we need to know that 
AP{n).t^, vanishes in certain degrees, which we do if we assume k = C, p > 2 and n > 0. 
We continue by showing that, for p > 2 and n > 0, {AK(n)) = {AB{n)) in SR{C) 
fCorollary 19.4. 18|l . passing from AK{n) to the cohomology theory AB{n) = v~^AP{n), 
which is slightly easier to understand. On the way, we need to compute a couple of 
things like AP{m)**AP{n), to construct stable operations AP{n)**{—) —> AP{n)**{—) 
(Theorem 19.4.12]) . Here, the assumption A: = C is also helpful, as we make explicit use 
of the formula AP(n)** = H(n)*[T] (Lemma 16.3.71) . An application of all these results 
is Theorem 19.5.11 where, for p > 2 and k = C, we prove 


{AE{n))= V {AKii)). 


0<i<n 


For the definitions of AK{n), AB{n), AP{n) and AE{n), see Definition 16.3.11 
Let’s start with a definition of Bousfield classes. 

Definition 9.0.1. Let A: be a field and let T = SR{k), S'H{kY^^^ or SR{k)f^^. For any 
E G SR{k), the class of all spectra X £ T satisfying E^^X 7 ^ 0 is denoted by (E). We 
write {E) < (E) if (E) is a subclass of {E). Meet a nd join of Bousfield classes are given 
by {E) A {F) = {E A E) and (E) V (E) = {E V F) Rav84l . Definition 1.20]. 


Remark 9.0.2. In Rav84l . Definition 1.19], {E) is defined to be the equivalence class of 


all F such that, for all X, E^X = 0 if and only if F^,X = 0. Thus, {E) is determined by 
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the collection of all X such that E^,X ^ 0, as in the definition above. For T = S'H{ky^^^ 
or Sn{ky^^ and E € Sn{kY^^\ {E) = {X eT \ E AX ^ = Ce by Proposition [6221 


9.1 Torsion 

In this s ection, we work in the category SH^k), fc C C. We prove the following theorem, 
refining JY80l . Theorem 0.1]. 


Theorem 9.1.1. Any Vn-torsion element in an ABP^^ABP-comodule is also a Vn-i- 
torsion element. 

Recall that BP^BP = where E = {ei,e 2 , ■ ■ ■) runs over all finite se¬ 


quences of non-negative integers and deg(t^p) = — 2), as is shown in Ada74l . 

Theorem II.16.1 (ii)]. 

From VezOll . Definition 5.3], we know that ABP is a commutative ring spectrum. 
It follows that ABP^^fABP is an Ai?P**-module. We describe its structure: 

Lemma 9.1.2. (1) As a left ABP^,^:-module, 

ABP^^ABP ^ ABP^yt^}, 

where E runs over all finite sequences of non-negative integers, 


deg (t^^^ 


,62,-) I _ 


^efi2y-2),^efiy-l)], 


and Rk{t^) = Consequently, as a right ABP,,^-module, 

ABP^^ABP ^ ABP^yc{t^)}, 

where c : ABP,,^ABP —>■ ABP,,^ABP is the conjugation, induced by the twist map 
ABP A ABP ABP A ABP. 

(2) As a left ABP**-module, 

ABP**ABP ^ ABP**[[s^]], 

which is the completion of ABP**{s^} under infinite sums. Here, deg(s®) = 
deg(t^) and the s^ are the dual basis elements to t^. 

In particular, ABP^i„ABP is a flat j4RP**-module. 

Proof. By Remark [6.3.3f 4b |NS0O9 . Proposition 9.1.(i)] applies to ABP, so we have 
ABP^^ABP = ABPit^,(2)Bp^BP^:BP. Since B P^BP = BP^{tY^p}, the first claim follows. 
As BP^BP is projective over RP*, NS0O9 . Proposition 9.7(i)] implies ABP**ABP = 
Hora.BP,{BP^,BP, ABP^fij. Since the analogue holds for BP*BP, this is the same as 
ABP** ^BP* BP*BP, which is ABP**[[s^]] by JY8C . Lemma 5.12]. □ 
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For any finite motivic cell spectrum X, the morphism 

771* 1 ABP^^(^ABP) ®ABPt,t, ABP^^i^X^ —y ABP^jfi^ABP A X) 


induced by the Ai?P-module structure of ABP AX is an isomorphism: this holds for 
X = 50 , since ABP^^ABP is free over ASP^and, hence, for any finite X by cellular 
induction via the five lemma, see also AdabflI . Lecture 3, Lemma 1]. More precisely, 
one has to check that a cofiber sequence X ^ Y ^ Z induces a long exact sequence 
on both ends of m*. On the right hand side, this is the long exact ABP^^-sequence 
induced by ABP A A —>■ ABP AY ^ ABP A Z and on the left hand side, we get a 
long exact j4i?P**-sequence tensored over the field Fp with which is sti ll exact . 

Actually, the above map is an isomorphism for any motivic spectrum X by 
Lemma 5.1(i)]. 


NSOOfll. 


This can be used to define elementary Ai?P-operations as in JY80|, Section 1]: 


Definition 9.1.3. Let 


'ijjx '■ ABP^^X ABPif^ABP ABP^^^X 


be the map induced by 1A i A1 : ABP AS^ AX -A ABP A ABP A X (where i is the unit 
of the ring spectrum ABP) followed by Then the elementary Ai?P-operation 

se ■ ABP^,^X -A ABP^^^X is defined by 

tpxix) = ® se{x). 

E 


T he € ABP**ABP from the above lemma are special cases of these operations 


(see |.TY8fll . Lemma 5.12]). 
JY80I . FOTinula (1.7)]: 


The ASP-operations satisfy a Cartan formula similar to 


Lemma 9.1.4. If y E ABP^^^ and x € ABP^^^X, then 


SE{yx) = ^ SE{y)sG{x). 

fag=e 


Proof. We have to show that 


i’xiyx) = ^ c{t^) ® ^ SF{y)sG{^ 


fag=e 


Since V’x is a map of APP**-modules, ipx{yx) = 'ifso{y)'f’x{x), which is equal to 
Y^e YliFAG=E{^{^^)^i^^)® ^F{y)^G{x))■ As F and G are exponent sequences, t^t^ = 
and it follows that ifx{yx) = Z]£;(c(i®) ®Yfag=e SF{y)sG{x)). □ 


The next lemma compares the Hopf alge broid str uctures of {BP^,, BP^^BP) and 
{ABP^^, ABP^^:ABP) and is closely related to NS0O9 . Section 5]. 
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Lemma 9.1.5. {ABP^^, ABP^,^ABP) is a flat Hopf algebroid, and there is a map of 

Hopf algebroids {BP^,, BP^:BP) —>■ {ABP^,^, ABP^^^ABP) such that the following hold: 

(1) BP^: —)■ ABP^^ is the inclusion into mapping to Vi. 

i 

(2) BP^BP —)• ABP^^ABP is the map BP^{tf^^} —>■ ABP^^,{t^} given by (1) on BP^, 
and mapping to t^. 

(3) The map tp = tpgo from Definition \9.1.,3\ is the coaction map of AB Pt,^ as a left 
{ABP^^, ABP^^,ABP)-comodule and, similarly, for the map from JYSd i. Fur¬ 
thermore, the map of Hopf algebroids preserves the comodule structure in the sense 
that 

^top 


BP, 


ABP,, 


BP,BP 


BP, 


ABP,,ABP (^ABP„ ABP, 


commutes. 


Proof. In NS0O9I . Corollary 5.2(1)], it is shown that {E,,, E,,E) is a flat Hopf algebroid 
whenever S is a cellular ring spectrum and E,,E is a flat ii^**-module. This is the 
case for E = ABP by Remark 16.3.31 and Lemma l9.1.2l fli. Furthermore, an ori entation 
on E induces a map of Hopf algebriods {MU,, MU,MU) -A- {E,,,E,,E) by NSCOfll . 
Corollary 6.7], where MU, -A E,, is the map classifying the formal group law (FGL) 
given by the orientation on E and MU,MU —)■ E,,E classifies the strict isomorphism 
of formal group laws induced on A by the left and right units E ^ E A E. 

If the FGL associated with the orientation of E is p-typical, the map of Hopf al¬ 
gebroids factors through {BP,, BP,BP) because BP, and BP,BP classify p Typical 


group laws and strict isomorphisms of p-typical group laws, respectively (see |Rav86l . 
Appendix 2]). Recall that ABP is oriented by MU, -A MGL,, —> ABP,, and its FGL 
is p-typical because this factors as MU, -A BP, -A ABP,, by the construction of ABP, 
where the latter map is as claimed in (1). Hence, we get a map of Hopf algebroids 
{BP,, BP,BP) -A {ABP,,, ABP,, ABP) satisfying (1). 

Before we pove (2), we will show the analogous statement for MGL. By NSGDhI . 
Corollary 6.7], as above, there is a map of Hopf algebroids 

{MU,,AIU,MU) -A {MGL,,,MGL,,MGL), 

determined by the complex orientation on MGL. Let x be the orientation on MGL A 
AIGL induced by the left unit MGL —>■ MGL AMGL and x' be the orientation induced 
by the right unit. By [NSGOaI. Lemma 6.4.(ii)], x' = The orientations x and 

i>0 

x' correspond to formal group laws El and Fr and the formula implies that the bt are 
the coefficients of the p ower series of the strict isomorphism tp between El and Fr (as 
in the proof of Rav86l. T heorem 4.1.11]). The same formula holds for the orientations 
on MU A MU by Rav86l . Lemma 4.1.8] and the strict isomorphism between the FGLs 
f 2°'’ and F])°'’ therefore has coefficients 6*°^. By definition, hi is the image of 6*°'’ 
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under ^ MU^MU MGL^^ ®mu, MU^MU ^ MGL^^MGL, as in |NS0n9l. 

Lemma 6.4.(i)]. 

f 

MU^AIU classifies strict isomorphisms F —>■ G of FGLs in the following way: 
MU^MU = where MC/* classifies F, f is given by a power series in 6 *°'’ 

and G is determined by F and /. 

In our setting, the map MU^MU —>■ MGL^^MGL is the map corresponding to the 
strict isomorphism F^ ^ Fr. Furthermore, F^ is the FGL associated with the orienta¬ 
tion of MGL„MGL given by MG* —>■ MGL^^ —> MGL**[ 6 i] = MGL^^^MGL (because 
the isomorphism herein is an isomorphism of left MGL**-modules), and, similarly, F^"^ 
is the FGL associated with the orientation MU^ —>■ MG*[ 6 *°’’] = MU^MU. This implies 
that the following square commutes, where the left horizon tal maps are the obvious 
inclusions, and the vertical maps are the maps from NS0O9I . Corollary 6.7]. 


MG*-^ MG*[6fP] —^ MG*MG 

MGG**-^ MGG**[5i] MGL**MGG. 

In terms of group laws, the right hand map sends to (p. Since these are the power 
series described above, 6 *°'’ is sent to bi. This proves the MGG-version of (2). 

For the ^GG-version, one has to show that the following diagram commutes, where 
the right map is the Hopf algebroid morphism and the left map is as described in (2). 


GP*[tfP] —^ BP^BP 


ABP^^[ti] —^ ABP^^ABP. 


The proof is exactly the same as in the case of MGL. One simply has to replace each 
FGL by the corresponding p-typical FGL. 

For (3), note that, by its definition, xjj is t he coact ion map that comes naturally 
with any flat Hopf algebroid (G**, £'**£') (as in NS0O9I. Corollary 5.2(i)]), meaning in 
particular that the diagram in (3) commutes. □ 


Definition 9.1.6. For an exponent sequence E = (ei, 62, • • •) as in Lemma [9.1.2f lL we 
set |G| = ej(2p® — 2). Let Im = {p,vi, ■ ■ ■ , Vm-i) C ABP^^, be the usual prime ideal. 

Corollary 9.1.7. Consider se ■ ABP^^, —>■ ABP^^: as in Definition \9.1.S\ and assume 
that |G| > 2kp^{p^ — p"^) for n > m, s > 0 and k > 1. Then 


OEivU”') = 




mod if en-m = kp^~^^ and e* = 0 for i 7 ^ n — m 
mod otherwise. 
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Proof. By the above Lemma, the following diagram commutes: 

^top 


BP, 


ABP,, 


■ BP,BP BP, 


■ ABP,,ABP 0ABP„ ABP,,, 


where the vertical arrows send to Vn and to . We consider the element 
€ BP,. It is mapped horizontally to 

'/’“'“((or)*”') = E “““(‘Sp) ® 


By JY8C, Lemma 2.1], satisfies the formula we want to prove. Since all 

the elements from the topological case map to the corresponding elements in the lower 
row, the formula has to hold there, too. □ 


The rest of the proof of Theorem 19.1.11 is exactly the same as JYSOj, Lemmas 2.2 
and 2.3], relying mainly on the above lemma and the Cartan formula. Theorem 19.1.11 
implies the followin g corollary. The analogous topological statement can be found in 
the proof of R.av84l . Theorem 2.1(d)]. 


Corollary 9.1.8. Let A: C C. If AEin),,X = 0, then also AE{i),,X = 0 for all i <n. 
In terms of Bousfield classes in SIL{k): 

{AE{n)) > {AE{i)) for all n> i. 


Proof. Sin ce E(n) is Landweber exact (see LanTfil ] or Ray86, Section 4.2]), the ABP- 
version of NS0O9I . Theorem 8.7] applies to AE{n),,{X), yielding 


AE{n),,{X) = ABP,,{X) ®bp, E{n) 


which is an ABP,,ABP-com.o(L\Ae via the map xfx from Definition 19.1.31 

As E{n) = {vlf^)~^BP/{v^^^i,vl^^2:' 'the condition AE{n),,{X) = 0 is equiv¬ 
alent to ABP,,{X) ®BP, BP/{v^°^]^,v^°^ 2 i"') being u„-torsion. By Theorem 19.1.11 it 
follows that ABP,,{X) ®bp, BP / "') is Uj-torsion for any i < n. This im¬ 
plies that also ABP„{X) ®bp, BP/ (u*)( 4 , ‘ ‘ ‘) is Uj-torsion, which is equivalent to 

AE{i),,{X) = t). □ 


9.2 Properties of Bousfield classes 


Ravenel has shown the following properties of Bousfield classes Rav84l . Section 1]. They 
hold in any tensor triangulated category (T, A). 

Lemma 9.2.1. (1) In an exact t riangle, each Bousfield class is less or equal to the 
wedge of the other two IRavSA. Proposition 1.23]. 
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(2) If M is a module spectrum over the ring spectrum E, then (M) < {E) \E.avH2 
Proposition 1.24]. 

(3) Let S he an auto-equivalence in T. IfY is the hom otoyy cofiber ofE'^X 
X = colim{T,~^'^X), then {X) = {X) V {¥) \R.a,v8J . Lemma 1.34]. 


X and 


Furthermore, the following relations from R,av84l . Section 2] also hold in S'H{k): 


Lemma 9.2.2. (1) {AE{n)) > {AK{n)), 

(2) {AE{n)) A {AP{n + 1)) = {y-^ABP) A {AP{n + 1)) = (0), 

(3) {AP{n)) = {AB{n)) V {AP{n + 1)). 


Proof. Constructing AK{n) from AE{n), (1) follows from Lemma I9.2.1f lh (3) is a 
direct application of Lemma 19.2.111 31 (see also Rav84l . Theorem 2.1(c)]). For the first 
part of (2), note that {AE{n)) < {v~^ABP) since AE{n) = vT^ABP/{vn+i,Vn+ 2 ,' ")■ 
When we prove the second equation in (2), the first one will follow from this inequality 
because (0) is the empty set. 

It rem ains to show that AP{n + 1) A v~^ABP = 0, as proven in the topological 
setting in Rav84l . Lemma 2.3]. This spectrum is the homotopy cofiber of the map 


A 1 : AP{n) A ^ABP AP{n) A ^ABP. 

We claim that (u„ A 1)* = (1 A Vn)* on TT^fiAP{n) A ABP). Since (1 A Vn}* is an 
isomorphism on 7r**(^P(n) A ABP), this will imply that the homotopy cofiber is 
contractible. 

To prove this claim, note that {vn A 1)* and (1 A Vn)* are induced by the respective 
maps on tt^^:(ABP A ABP), where they are given by applying the left respectively right 
unit ABP^,^, -A ABP^,i,ABP to Vn- In t he topo logical case, the left and right units 
applied to Vn are the same modulo by |Ada74 11.16.1 (ii)]. By Lemma [9.1.21 11 and 
the inclusion of BP* in APP**, this also holds motivically. Hence, (u^ Al)* and (1 Au^)* 
are the same modulo R. It remains to show that R P ABP^^:ABP maps to 0 under 
ABP^^,ABP -A AP(n)^,jfABP. For n = 0, there is nothing to show. Assume that /, 

is mapped to zero in AP{n)^.,tABP for some n. Consider the map AP{n)if^,ABP 
AP{n + 1)**APP induced by the map to the cofiber in AP{n) ^ AP{n) A AP{n + 1). 
The inductive assumption implies that is still zero in AP(n + 1)**APP. Recall that 
In+i C ABPi,t,ABP is the ideal generated by and Since i* o (u„)* = 0 in the long 
exact sequence 


n 

2 * 


AP{n)^^ABP AP{n) 


*APP 4 AP(n + 1)„APP 


f* maps Vn = ('yn)*(l) to 0. Hence, R+i = 0 in AP{n + 1)**APP. 


□ 


9.3 The action of Vi on AP{n) 


In |,IW75l . Appendix], a geometric proof using the Baas-Sullivan construction of P(n) 


shows that the action of on P(n)*(A) is zero for any 0 < i < n. A non-geometric 
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proof of this result is given by |Nas95l . Satz 1.3.4], which was motivated by |Wiir77 |. 
Nassau’s proof can be simpl ified using the language of triangulated c ategori es of modules, 


which is basically done in Elm+97l . Lemma V.2.4], as well as in Str99l . Lemma 3.2]. 
These proofs rely on the fact that the Vi are non-zero divisors of Mt/* and that BP^, 
vanishes in certain degrees, whic h is not k nown in the motivic case. In the following, we 
will use ideas from Nas9,^ and Elm-l-97 ] to give a proof which also works in ST-L{C). 
The main difference is that we only know coefficients after passin g to MGL (j,\/{p) (see 
Lemma [6.3.7p . which is why we have to work with R/{x, y), while Elm+97l . Chapter V] 
only works with R/x for some ring spectrum R. 

In this section, we will prove that vt acts trivially on AP{n) if k = C. Furthermore, 
we will show that if p is odd, then AP{n)^,^,{X) and AP{n)**{X) are ^P(n)**-modules 
for any X € S'H{C). 


Recall that MGL can be constructed as an Eoo-ring spectrum Hur)3l . Theorem 14.2], 
which is equivalent to a strictly commutative ring spectrum by the motivic version of 


Elm-l-97l. Corollary 11.3.6]. 


Let R G S'H{k) be a strictly commutative ring spectrum with multiplication m : 
RAR^R and unit i : -A R. Let X : -A R for some k,l In our application, 

we will have R = MGL(j,y Note that MGL(j,-^ is the homotopy colimit of the diagram 
of maps MGL A MGL for all positive integers relatively prime to p (see |Hu 03I. end of 

Section 14]). As these are maps of stri ctly c ommutative ring spectra, MGL^p-^ is also 

a strictly commutative ring spectrum ( jSSOC . Theorem 4.1(3)] applied to 5‘^’‘^-algebras 
implies that the category of strictly commutative ring spectra is cocomplete). 

Let M be an i?-module with action map vm '■ R A M ^ M. Let 

^ (^ Ijw) * A M —y R A M —} M, 

The map (p is the action of x on M. 

The i?-module structure on A M is given by 

■ R A 5^’^ A M 5^’^ ARAM gk,l ^ 

Lemma 9.3.1. The map cp is an R-module map. 

Proof. We have to check the commutativity of the following diagram: 


R A 5^’' A M ■ 


lAxAl 


RARA ram 


r Al 




5^’^ ARA 5^’' A M ram ^ M. 

In this diagram, we can replace (x A 1) o (1 A I'm) by 

R ARAM RAM 


nk I . T-I . 71 J- xAlAl T-. . n . T> r 

S’ aram- 
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and we can fill in a diagonal across the upper left corner, 


ARAM 


(rAl)o(a;AlAl) 


RARAM. 


It follows that the above diagram commutes if and only if the following diagram com¬ 
mutes: 


ARA RARAM RaRA RAM 


xAlAl 

RARAM 


IAum 


RAM ^ M. 


Since R is commutative, we have m o t = m and, hence, 

I'M o (m A 1) o (r A 1) = vm o (m A 1). 
Since M is an ii-module, this is the same as 


z/M o (1 A vm) o (r a 1) = o (1 a z/m), 
proving the commutativity of the above diagram. 


□ 


In the following, we denote the homotopy cat egory of i?-modules by R- Mod. A 
stable model structure on fi-module s is gi ven by SSOd Theorem 4.1] applied to the 


motivic st able mod el structure from .larOOl l , so that R- Mod is a triangulated category 


(compare [NS0O9I . page 554]). Since </> from above is a map of modules (Lemma 
19.3.111 . there is an exact triangle in i2-Mod, 


5^’' AM ^ M ^ N 5^+^’' A M. 


The cofiber N is also denoted M/x. Application of [—,A^]_R-Mod to this exact triangle 
yields a long exact sequence 

• • • ^ ^ NjR.Mod ^ A N, N]r_M od ^ [5"’^ A M, NjR.Mod ^ • 

Let 'll: = URf o {x A In) ■ *5'^’^ AN R A N ^ N. This map is the action of x on 
M/x, and a map of i?-modules by Lemma 19.3.11 We want to show that, under certain 
assumptions, ■0 = 0, meaning that x acts trivially on M/x. 

First, we consider 

r,*-il; = ^o (Igfe,; A rj) : 5^’' AM ^ AN %N. 

By the definition of 'tjj, this is the map z/Aro(xAlAr)o(lgfc,i Ar/) = i^n ° i^R Ar]) o (x AIm)- 
Since rj is a map of i?-modules, this is the same as rjo um o{x A Im), which, by definition 
of (j), is the map rjo/). By the above exact triangle, it follows that rj*!/ = r] o (p = 0. The 
long exact sequence implies that there is a map in ii-Mod, 

Ip : ^N, 
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such that V’ = d*'tp. 

Now, we assume that either M = R or that M = R/y for some y G i?**. Further¬ 
more, we assume that 7r2fc+i,2Z-^ = 0- 

Note that Case 1 is a special instance of Case 2 (with y = 0), so the reader may skip 
the following paragraph and continue reading at Case 2. However, Case 1 is easier, for 
which reason it might still be a good idea to read it, anyway. 

Case 1. M = R. 

We have ip : 52 fc+i, 2 Z /\ ^ _!, jV. Since i? is a ring spectrum, the unit i : —)■ R 

satisfies 1/j = m o (1^ A f) : R A -A R A R ^ R. Hence, 

Ip = Ip o {lg 2 k+i, 2 i Am) o {lg 2 k+i, 2 i/^ji A i). 

By the definition of the ii-module structure i'g 2 k+i, 2 i/^ji on 52 fc-i-i, 2 Z ^ 

{ls 2 k+i, 2 i Am) = i^s^k+i, 2 i^iio{TAlR) : ARAR ^ RAS^'^+^’^^ AR ^ AR. 

Hence, 

Ip = Ip O Ug2k+l,2l A A i) 

= Ip O l'g2k+l,2lf^R(lR A \g2k+l,2l Ai){T A li{). 

Since ip is an i?-module map, ipUR 2 k+i, 2 i/~^R = ^'Ar(l_R A ip)^ and therefore 

Ip = vn{'^r a iP){Ir a lg 2 k+i, 2 i A i)(r A Ir) 

= i^n{'^r a {ip{ls 2 k+i, 2 i A f)))(r A 1/j). 

Now, ip{lg 2 k+i, 2 i Ai) : 52 fc-i-i, 2 Z ^o,o jy is in 7r2fc+i,2Z.^, which we assumed to be zero. 
Thus, Ip = 0 and it follows that also ip = d*ip, which is the action of x on M/x, is zero, 
as we wanted to show. 

Thus, we have shown: 

Proposition 9.3.2. Let R G S'H{k) he a strietly eommutative ring speetrum and x G 
TTk^iR- Assume that T^ 2 k+i, 2 i{R/x) = 0. Then x aets trivially on R/x, i.e., the map ip 
from above is zero. The same holds if x G for a strictly eommutative ring speetrum 
R G SLL such that 'R 2 k+i{R/x) = 0. 

Note that part of the above argument can be formulated more generally: 

Lemma 9.3.3. Let R be a (homotopy) ring spectrum, M a left R-module, and 7rk,iM = 
0. Then any R-module map ip : S^’’’ A R ^ M is homotopically trivial. 

Proof. Let i : -A R he the unit of R. It satisfies Ir = m{lR A i). Thus, 

iP = iPo m{lR Ai) = vm{'^r a ip){lR Ai) = vm{'^r A ipi), 

with ipi G 'Xk,lM = 0. It follows ip = RMi^R A 0) = 0. □ 
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Now we pass on to case 2. 

Case 2 . M = R/y. 

Let y : —>• i? and let (j)' = m{y A l/j) : 5^ A i? —)• i? A i? —>■ i? be the action of 

y on R. We have an exact triangle in R- Mod, 


A R, 


Sk',1' 

and, again, an exact sequence 

^ ^ ^ [^2A:+1,2« ^ ^ . 

We consider 

r^'*^ = ^o {ls2k+i,2i A r/O : ^ ^ ^ 2 fc+i,a ^N. 

Let i : 5'°’° Rhe the unit of ii, as before. Since rj' : R ^ M is a map of i2-modules 
(using Lemma [9.3. ip . rj' om = A r]'), and, hence. 


Rm{)-R a r/')(lR M) = r]' o m{lR M) = y'. 


Thus, 


Ip{ls2k+i,2i A r/') = ijj{lg2k+i,2i A I'Mi'i-R A r]'){lR A i)) 

= 'ijj{ls 2 k+i, 2 i A Rm{^r a Vi)). 

Since V' is a map of i?-modules, ^|: o v g2k+i,2i = 12 ^° (1r A ij^), where, by definition, 
i'g2k+i,2i/^]^ = ( 152 ^+ 1 , 2 ! A 12 m){t a 1 m )- Hence, 'tp{lg2k+i,2i A um) = A'ip){T A 1 m ); 

and, therefore, 

V*v = i^Ar(liJ A V’)('r A lM)(ls2fe+i,2i A I/J A Vi) 

= k'Ni'i-R A V)(1r a l 52 fc+i, 2 i A r]'i){T A I 50 . 0 ) 

= I'Ni'i-R A (V(l52fc+i,2i A 'n'i))){T A 150,0). 

Now, V(ls 2 fc+i, 2 i A Vi) : A N lies in 7 r 2 A:+i, 2 Z-A^! which we assumed to be 

zero. Hence, V*V = 0- Hy the long exact sequence from above, it follows that ip = d'*ip 
for some i?-module map ip : 52 fc+A:'+ 2 , 2 Z+z' /\ 7 V. Thus, ip = d*ip = d*d'*ip. 

Consider the following commutative diagram. The map ip is the precomposition of 
Ip with the diagonal of the righthand square. 


S2k,2i ^ ^ - 1 -^ A M ■ 


Sk,l A N - ^ 52fc+l,2Z ^ ^ 





a 


' 

c\r _ - . . _ 


g2k+k'+1,21+1' ^ Pp _^ ^2fc+l,2Z ^ ^ ^ ^2fe+l,2Z ^ d[ g2k+k'+2,2l+V ^ 
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Since both rows are exact triangles, we can fill in a map ( : A M —>■ 52 ^+ 1 , 2 / ^ 

We have (j)' od' = 0, as both of these are maps in the lower triangle. Thus, the diagonal 
in the first square is zero and the map C, lifts to a map ^ : S^’^ A N ^ g 2 k+i, 2 i ^ 
follows that d' o d = d' o r]' o ^ = Q, and, hence, 'ip = 'ipod'od = Q. 

We have proven: 

Proposition 9.3.4. Let R G STi{k) he a commutative ring spectrum, x G T^k,iR and 
y S TTk'pR- Assume that T^2k+i,2i{R/iViX)) = 0. Then x acts trivially on R/{y,x). 

The same holds if x ^ irkR and y G TTk'R for a eommutative ring speetrum R G SH 
sueh that T^2k+i[R/{y-,x)) = 0 . 

This result can be applied to the action of Vi on AP{n) for 0 < i < n, at least for 
k = C. 


Corollary 9.3.5. Let k = C and n > 1. Then Vi aets trivially on AP{n) for any 
0 < i < n and Vi acts trivially on Ak{n) for any i n. 

Proof. First, we consider MGL(^p)/{p,Vi) for some 0 < z < n (thus, n > 2). Since 
MC/* is concentrated in even degrees and Lemma 16.3.71 holds for k = C and quotients 
of MGL(j,'^/p, we get 'K 2 k+i, 2 i{AIGL(^p^/{p,Vi)) = 0 for any k,l. By Proposition 19.3.41 it 
follows that vn = p and Vi act trivially on MGL^p^/{p,Vi). 

By |E]m+97l . Lemma V.1.10], 


and, by 
z / 2p* - 


MGL(^p)/{p,Vi) = MGL^p^/p AmgL(^p) MGL(^p)/vi, 

Hovld . Remark 6.20], AP{n) = M GL(p\/ J, w here J contains a* G MGL^^,, 


2, as well as Uj, 0 < z < rz — 1. From Elm+97l . Lemma V.1.10], it follows that 


AP{n) = MGL(^)/{p,Vi) AmgL(p) MGL(p)/(J \ {p, uJ). 

Now Vi acts trivially on MGLi^p-j/{p,Vi), i.e., the respective map (pi on MGL(^p^/{p,Vi) 
is zero. It follows that also the map cpi Amgl^^) ^mgl^^)/{ j\{p,vi}) is zero, meaning that 
Vi acts trivially on AP(n). Similarly, p acts trivially on AP{n). This proves that all Vi, 
0 < i < n, act trivially on AP{n) if n > 2 . 

If n = 1, one has to replace MGL^p^/{p,Vi) by MGL(^p^/{p) in the above argument. 
Furthermore, 


Ak{n) = AP{n) Amgl^^^ MGL(p)/(p, Un+i, Wn+ 2 , ■■■), 

so Vi acts trivially on Ak{n), too, for 0 < z < n. For i > n, the claim follows analogously 
to the above argument. □ 


VezOll . Definition 5.3]). Note that for BP, an 


Remark 9.3.6. Working with modules over MGL(p\ ha s the advantage that the E^q- 
structure allo ws us to use the isomorphism from Elm+97l . Lemma V.1.10], as well as the 
results from SSOflj ] (below Lemma 19.3.11). Fo r ABP, we only know of a commutative 
ring structure in the weak se nse (see 
Fi 4 -structure is constructed in BM13| ]. 

The ^RP-module structure on AP{n) is the action of ABP on itself in ABP Amgl^p) 
MGL(p)/(z;o, • • • ,Vn-i) = AP{n) and it is (by its construction) compatible with the 
MGL(p)-action on AP{n). 
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Recall that : BP A P{n) —)■ P{n) induces a RP*-module structure on P{n)^{X) 
and P{n)*{X) for any X G SH and that P{n)^ = BP^/{vq, - ■ ■ Therefore, the 

classical version of the above corollary immediately implies that the RP^-module struc- 
ture_on__P(n)*(X) and P{n)*{X) induces a P(n)*-module structure, as also concluded 
.TW75I . Remark 2.5(a)]. 


m 


Our next aim is to show that also for X G ST-L(C), the TPPn,-module structure on 
AP{n)^t:{X) and AP{n)**(X) induces a structure of ^P(n)**-modules, where the ring 
structure on AP{n)^:^ is defined via the isomorphism AP{n)^^: = H** i^¥pP{n)^, (Lemma 
I6.3.7p . We will show in Lemma 19.3.101 that this is the right choice of ring structure on 
^P(n)**. 


Let P be a strictly commutative ring spectrum, let M = R/y satisfy T^ 2 k'+i, 2 i'^ = 0 
(where is the degree of y, as in Case 2 above), and let N = M/x satisfy 

'^2k+l,2l^ = 0- 


In the commutative diagram. 


A P A PAPA RAM 


IAum 

gk',l‘ 


AM- 


yAl 


IAum 

^RAM- 


vm 


vm 


M, 


the composition uj^iy A 1m) is zero by Proposition 19.3.21 Furthermore, (m A 1 m) ° {y A 
a 1 m ) = 4>' a 1m, where 4>' is, as before, the map whose cofiber is M. Thus, we have 


ARAM 


RAM^^MAM 



k-M 


and there exists a map //m : M A M —>■ M in the homotopy category P- Mod such that 

PM o iv' A 1m) = 1AM- 

Next, w e define a map vm,n '■ M A N ^ N hy vm,n = Pm Ar Ir/x, using N = 
M Ar R/x [Elm+97 . Lemma V.1.10]. It satisfies iam,n{v' A In) = vn (by applying 
— Ar R/x to the analogous equation for //m) and i'm,n {1 Ay) = y o ^m (because 
y : M ^ N is the canonical map M Ar R ^ M Ar R/x). 

In the commutative diagram (where the right square commutes because vm,n is a 
map of P-modules) 


pfc.' am AN 
1-Aum,n 

S^l A N ■ 


■RAM AN- 


Um A1 


x/\l 


lAi/M.JV 

-^RAN- 


UN 


■MAN 

>^M,N 

-iV, 
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the lower composition is the action of x on N, which is trivial by Proposition I9.3.41 
Thus, 

^ ^n) = a lAr)(a: A 1 m A In) = 0. 

Hence, there exists a map ^n :A^AA^—^-A^in i2-Mod making the following diagram 
commutative. 


AM AN ^ MAN NAN 



In particular, this applies to = MGL(^p^/{p^x) as in Corollary I9..S.51 yielding an 
MGL(p)-module map 

: MGL(^p)/{p,x) AMGL^p)/{p,x) ^ MGL^p)/{p,x). 

Lemma 9.3.7. AP{n) is isomorphic as an MGLi^pymodule to the AMGL^p)-p™duct of 
all MGL(^p-^/{p,x), X G J, where J is as in the proof of Corollary \9.d.5\. 

Proof. By Prop osition 19.3.21 p acts trivially on MGL(^p^/p, proving MGL^p-j/{p,p) = 
MGLj^p-^/p. By (Elm+97 . Lemma V.1.10], it follows that 

MGL,^p^/{p,x) Amgl^p) MGL(^p-^/{p,y) ^ MGL^y^/{p,x) AmgL(p) MGL^p^/y 

for any x,y G J. With p = vq G J, this implies that the AmgL(p) -product of all 
MGL(^p-^/{p, x) is isomorphic to the AMGL(j,)-product of all MGL(^p^/x, which is the 
quotient MGL(j,^/J = AP{n) (as in Corollary 19. 3. 5p . □ 


We can, therefore, define a map of MGL(p)-modules, 

hAP(n) ■ AP{n) A AP{n) -A AP{n) 
by applying the maps px on each factor MGL(^p^/{p, x). 

Lemma 9.3.8. If, in the above setting, irk'+iyM = 'n' 2 k'+ 2 , 2 i'M = Tr^k'+s,si'M = 0, then 
Pm is homotopy assoeiative. 

If, furthermore, iTk+i^iN = TT 2 k+ 2 , 2 iN = 'K 3 k+ 3 , 3 iN = 0, then pN is also homotopy 
associative. 


Proof. Let p = pM and u = vn- We have to show that 

6 — p(^p A 1 m — Ijw A p) '. M A M A M —y M 

is zero. Let 5' = ^(t^'AImAIm) : RAM AM -A M, 5" = 5'{1rAp' AIm) '■ RARAM -a M 
and 6 "' = (I"(1_r AIr Ay') = 5 o : R A R A R ^ M. Consider 


RAR - — - ^M AM 
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The top triangle obviously commutes, the right triangle commutes (up to homotopy) 
by the definition of fj,, and the large triangle commutes because r]' is an i?-module map. 
Thus, ^ o = rj' o m, and it follows 

A 1 — 1 A = ^{r]'m Arj' — rj' A rj'm) 

= /i o A 1 — 1 A m) = ri'm{m A 1 — 1 A m), 

which vanishes by the associativity of m. Thus, 5'” = 5''{1 A 1 A ?]') = 0. 

This implies that 5” factors through an ii-module map C, : S^ ARARAR -a M, 
as in the following diagram: 

RARAR ^-^R ARAM -a i? A i? A 

^ ^ "C 

Now, R A R A R IS a ring spectrum and ( can be considered as a map oi R A R A R- 
modules. By Lemma 19.3.31 and the assumption on 7rfc/_|_i //M, (( must be trivial. Thus, 
6" = 0. Again, this implies 5' = ('{IrAO' AIm) for some (' : AR ARAM -A M. 

The R A R A i?-module map A l/j A l/j A rj') is a degree {k' + 1, Z')-map from 

the ring spectrum R A R A R to M, and therefore vanishes by Lemma I9..S.31 It follows 
that C = A 1_R A Ir A &) for some map C,” : 52 A:'+ 2 , 2 Z' /\ n /\ ]l /\ Jl ^ M. 

Sk'+i,l' A i? A A i? ^fc'+iT ^RaRaM 52fc'+2,2Z' ARARAR 



By the second assumption on ir^^M, Q" = 0. It follows that 5' = C^(l A 5' A 1) = 
C"(l Ac1'a5') = 0. That is, (I(ry'AI m AIm) = <5' = 0, which implies 6 = C^"(5'AIm AIm) 
for some C,"' : A R A M A M -A M. 

Now, C"0- A r/' A 1)(1 A 1 A r]') is a map from R A R A R to M of degree {k' + 1, 1'), 
and therefore trivial. Thus, C'"{^ A rj' A 1) = A 1 A 5') with : 52 fc'+ 2 , 2 Z' 

R A R A R ^ M, which is also trivial. It follows that A 5' A 1) for some 

^(5) . g2k'+2,2i' A R A R A M -A M, and 6 = ('"{d' A 1 A 1) = Ad' A 1). The map 

C(^)(1A1A77) : ARARAR ^ M is again zero, which implies = C^®^(1A1A9') 

for some : 53fc'+3,3Z' a R A R A R ^ M. By the third condition on 7r**M, this is 
zero. Finally, we have 

5 = C,^^){d' Ad' Ad') = ft. 

The same line of proof can be used to derive the associativity of from that of 
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^M- It only needs to be checked that 


MAM- — - AN 



is commutative, but this was part of the definitions of i'm,n and fiN- 


□ 


Proposition 9.3.9. If p > 2, then PAP(n) homotopy associative. 

Proof. Note that this does not follow immediately from the ab ove lemm a, as Ti 2 k+ 2 , 2 iH 7 ^ 
0 for N = MGL^p'j/{p, x). However, we can use a trick from Elm+97l . Theorem V.3.1], 
where the topological analogue of this statement is proven. 

Let N = R/{x,y) and A = R/{J — {x,y}) for some set J of elements in tt^^R, and 
assume that we already know that A is equipped with a (homotopy) associative map 
PA ^ A A ^ A as above. The product on R/J = A/{x,y) = N Ar A is given by 


(N Ar A) A (N Ar A) ^ {N A N) Ar (A A A) 


lAflMA 


{N AN)ArA N Ar a. 


Therefore, to prove associativity for pnarA, h suffices to prove that the associativity 
diagram for p]\f commutes after applying — Ar 1 a to it. Applying — Ar 1 a to all 
diagrams appearing in the above lemma yields the following result: If ArA) = 0 

for {i,j) € {{k' + 1,1'), {‘Ik' + 2,21'), {3k' + 3,31')} and 'Pi,j{N Ar A) = 0 for {i,j) € 
{(fe + 1, 1), {2k + 2, 21), {3k + 3, 3/)}, then pnarA is associative. 

Now , let R = MGL(^p A = ABP, M = MGL(^'^/p and N = MGL(^p^/{p,x). From 
VezOll . Definition 5.3], we know that pabp is associative. The assumptions on the 
homotopy groups are satisfied by Lemma [6.3.7l by which ^^.^.{ABP/p) = H** ®Pt,{BP/p) 
and tt^,^{ABP/{p,x)) = H** ( 8 ) 7 r*(HP/(p, x)). Note that these homotopy groups vanish 
in degrees {k + 1,/) and {3k + 3,31) for any p because ir^^BP is concentrated in even 
degrees and k is even. However, for 'P( 2 k+ 2 , 2 i) to vanish, we need to assume that p is 
odd. 

This proves that Pabp/{p,x) is associative. Inductively, we can apply this argument 
to A = ABP/ J' for some {p) C J' G J, where J is as in the proof of Corollary 19.3.51 
using ABP/{J' U {y}) = MGL(j,'^/{p,y) Amgl^^p) ABP/J' (compare Lemma [9. 3. 7p . □ 


Recall that, for A: = C and n > 0, AP{n)^,^ = H** ^¥pP{n)^ fLemma l6.3.7p . which is 
a ring. Hence, we can speak of AP(n)**-modules. Note that AP(0)** is a ring, anyway, 
since AP(0) = ABP is a ring spectrum. 

Lemma 9.3.10. Let k = C. On coefficients, the map 

LAP(n) ■ AP{n) A AP{n) -A AP{n) 

induces the multiplication on AP{n)^^, given by AP{n),f^ = H** '^¥pP{n)*- 
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Proof. By Pellll . Theorem 3.6.16], the motivic Atiyah Hirzebruch spectral sequence 


in Lemma 16.3.71 is multiplicative, yielding an isomorphism of rings between AP(n)** 
with multiplication induced from fJ,AP{n) and E 2 = H** with multiplication 

induced from the ring structure of H** and from Rc{LAP(n)) ■ P{n) A P{n) —)■ P{n). It 
therefore suffices to show that Rc{LAP{n)) induces the ring structure on P{n)^. Now, 
i?c carries all the above diagrams to the analogous topological diagrams and, therefore, 
BP AP{n) -A P{n) (inducing the action of BP^, on P(n)*) factors through Rc{fiAP{n))y 
which, hence, induces the induced action of P{n)^, on P{n)^,. □ 


Corollary 9.3.11. In S'H{C), the action Vn : ABP A AP{n) -A- AP{n) factors through 
a map 9‘AP(n) '■ AP{n) A AP{n) —)• AP{n). If p > 2, the induced action of ABP^^ on 
AP{n)^^:{X) and AP{n)**{X) gives AP{n)ift,{X) and AP{n)**{X) the structure of left 
AP{n)^^:-modules for any n > 0 and X € S'H{C). 

Proof. We have to check that the action of AP{n)^^ on AP{n)^^,{X) and AP{n)**{X) 
is unital and associative. This is equivalent to p-APin) being homotopy left unital and 
associative. Unitality follows from the maps vm '.RAM —>• M being unital, since, by 
definition of pM, pm = Pm o {rj' A 1) : R A M -A M A M -A M. Associativity is proven 
in Proposition 19.3.91 for p > 2. □ 


9.4 Bousfield classes of AK{n) and AB{n 

Recall AB{n) = vAAP{n). 

We want to use methods of [.IW7,^ and |Wur76l | to prove that 

AK{n)^^X = 0 AB{n)^^X = 0 

for X € SIKC). For this, we ne ed the fo llowing two results, which hold in S'H{k) for 
any A: C C and are analogous to Wur76l . Formula (2.8)]. The reader may skip the first 
proposition, as it is a special case of the second one. The proof of the first one is maybe 
more illustrative. 

Let pn ■ ABP**{—) -A AP{n)**{—) be induced from 


ABP ABP A AP{n) A AP{n), 


where i : S ^ AP{n) is induced from the unit map S —?■ ABP and Un is the structure 
map of the ARP-module AP{n). For s® € ABP**ABP as in Lemma [9.1.2( 21. we have 
Pnis^) e AP{n)**{ABP). 

Proposition 9.4.1. For any n >0, the map 

hn : AP{n)**[[pn{s^)]] -A AP{n)**ABP, 

given by hnifAjXE ■ Pn{s^)) = Axe), is an isomorphism of ABP**-modules. If 

E E 

k = C and p> 2, it is an isomorphism of AP{n)**-modules by Corollary 1 ,9. S.lli 
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Proof. We proceed by induction. For ^P(O) = ABP, /tq is the identity and the claim 
holds by Lemma I9.1.2r 2b Now, assume hn is an isomorphism for some n > 0. Consider 

the following diagram, consisting of two exact sequences induced by AP{n) ^ AP{n) 
AP{n + 1). 


AP(n)**ABP ■ 


■ AP{ny*ABP ■ 


■ AP{n + I)”* ABP ■ 


AP{n)** ABP ■ 


■ AP{n)** ABP 






• AP(ra + l)**[[Mn + ls‘“ 


■ AP(n)**[[^„s®]] 


■ AP(u)**[[m„s®]1 


The lower sequence is the exact sequence 

-^ AP{n)** AP{n)** AP{n + 1)” ^ AP{n)** AP{n)** • • • , 

tensored over Fp with Fp[[s^]]. We show that the diagram commutes. 

In the first square, the upper composition takes x ■ iJ.n{s^) G ^P{n)**[[iinS^]] to 

vl{K{xiJLnS^)) : ABP ABP A AP{n) ^ AP{n) ^ AP{n), 
and the lower composition takes the same element to 

hn{{vn ■ x) ■ Hn{s^)) : ABP ABP A AP{n) ABP A AP{n) ^ AP{n). 

Therefore, the commutativity of the first square is equivalent to the commutativity of 
the square 

ABP A AP{n) ABP A AP{n) 






- Tr. -^ AP{n). 


This square commutes because Vn is a map of ^i?P-modules (compare Lemma 19.3.11) . 
In the second square, the upper composition takes x ■ G AP{n)**[[iJ,nS^]] to 

(A* o hn){xfins^) : ABP ABP A AP{n) ^ AP{n) ^ AP{n + 1) 
and the lower composition takes x ■ iin{s^) to 

K+i{\nX ■ finS^) : ABP ABP A AP{n) ABP A AP{n + 1) AP{n + 1). 


Thus, the commutativity of the second square is equivalent to the commutativity of 


ABP A AP{n) 

^71 

AP{n) - 


1 AAr 


ABP A AP{n + l) 

i^n + 1 

■ AP{n + 1), 
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which holds because is, by definition, a map in the category of ^i?P-modules (see 
Definition I6.3.ip . 

In the third square, the upper composition takes x-Hn+i{s^) € AP{n+l)**[[nn+is^]] 
to ((5 o hn+i){xfin+is^) = <5(r'n+i('S® A x)) and the lower composition takes x ■ 
to A S{x)). Thus, the commutativity of the third square follows from the commu¬ 

tativity of 


ABP AAP{n + 1) 


1A(5 


^n+1 


ABP A AP{n) 


■AP{n). 


AP{n + 1)- - — 

Finally, the five lemma implies that /in+i is an isomorphism. 

The above proposition holds more generally: 

Proposition 9.4.2. Let h € S'H{kY^^^ he any cellular ABP-module spectrum. Then 

h** ABP ^ h**[[s^]\ 

as ABP**-modules. In particular, this also holds for h = Ak{n). 


□ 


Proof. We apply the universal coefficient spectral sequence from DlOfi, Prop osition 7.7] 


VezOll . Definition 


(see also Proposition 18.l.f|) to E = ABP (which is a ring spectrum by 
5.3] and is cellular by Remark 16.3.311 111. M = ABP A ABP and N = h. 

EyX*YBP,SABPif^ABP, /i**) => 'k^,^Fabp{-^BP A ABP, h), 

converging conditionally to 7r^^:FABp{l^BP A ABP, h) = h**{ABP). As ABP^,^ABP = 
ABP^^{t^} is free over ABP^^ iLemma 19. 1.21 111. the higher Ext-groups vanish and the 
sequence collapses to 

h**ABP ^ HornABpAABP^4t^},h^Y, 

which is isomorphic to /i**[[s®]], as in Lemma l9. 1.21 21. □ 

Wiirgler constructs operations 

: MUQ\-) -A Mt/Q*+I®l(-) 

for regular sequences Q Wur76l . Theorem 5.1]. For MUQ = P{n), these operations 


in 


specify a choice of the operations (r^)n : -P(^)*(“) ^ P(n)*^l®l(—) considered i 
|■TW7,5l . Section 4]. They are nee ded in the proof of the isomorphism il(n)*(A) = 
iL(n)*(X) (g) ¥p[vn+ijVn+2j • • • ] in ■TW75I . Proposition 4.14]. We will now state motivic 
analogues of some of Wiirgler’s lemmas for MUQ = P{n). 

In S'H{kY'^^\ let AP(n)[t] represent the cohomology theory 

AP(n)**(-)[t] = ABP**[ti,t 2 , • • • ] ®ABP** AP{nY*{-) 

with deg(tj) = —(2(p* — l),p* — 1). 
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Remark 9.4.3. Wiirgler defines /i*(— )[t] = h *(—) h*[ti,t2, • "]: where the ti take 

any even degree, i.e., deg(ti) = —2i in [WurTSl. Section 5]. He als o considers operations 
of any degree However, Johnson and Wilson |,TW75 . Sections 1 and 4] are 

only interested in operations of degree |i7| = 2(p® — l)ej. We will see that it suffices 

to restrict to those degrees. Most of Wiirgler’s results we refer to in the following are 
formulated in a much greater generality and do not depend on any de grees of particular 
elements. The only point where the degrees of the L are important is in Wur76l . Theorem 
5.1] and we will comment on that below Theorem 19.4.121 

Lemma 9.4.4. For X G , 


{ABP A AP{n))**{X) ^ AP{n)**{X)[t]. 


As any cohomology theory on extends uniquely to S'H{kY^^^ 

4-10], it follows that we can take 


NS 009. Lemma 


AP{n)[t] = ABP lap {n). 


Proof. We consider the map 

{ABP A ABPy* ®abp** AP{n)**{X) {ABP A AP{n))**{X), 

induced by the HHP-module structure on AP{n). First, we see that 

{ABP A ABPy* ^ {ABP A ABP)_^_^ ^ _4t] ^ ABP**[t] 

by Lemma fQ.1.21 1). Note that the ti appearing here are dual to the ti in Lemma [9.1.2f l). 
hence deg(ti) = —(2(p* — l),p* — 1). To prove the claim, it suffices to show that the 
above map is an isomorphism. 

For n = 0 and X = this is clear. Induction on n shows 


{ABP A ABPy* ®abp** AP{ny* ^ {ABP A AP{n)y* 


for any n, since AP{n) —>■ AP{n) -L AP{n + 1) induces long exact sequences on both 
sides and the diagram commutes because AP{n) —>■ AP{n) -L AP{n + 1) are maps of 
HHP-modules. As also any cofiber sequence X ^ Y ^ Z induces long exact sequences 
on both sides, cellular induction proves the claim for any finite spectrum X. □ 


We state an analogue of [Wur7(Tl . Lemma 3.14]. 


Lemma 9.4.5. Let h G S'H{ky'^^\ k 'A C, be an ABP-module. The multiplication 
ABP Ah ^ h induces an isomorphism of ABP**-modules, 


ABP**ABP ®abp** h**AP{n) ^ h**{ABP A AP{n)). 
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Proof. We apply the spectral sequence from 
M = ABP A ABP A ABP and N = h: 


Din5l . Proposition 7.7] to E 


ABP, 


Ex.t'^^p^^{ABP^,^,{ABP A ABP), /i**) => 7r^^FABp{ABP A ABP A ABP, h), 
converging conditionally to h**{ABP A ABP). By |NS0O9I. Lemma 5.1(i)], 
ABP^,^:{ABP A ABP) = ABP^^,ABP ®abp,, ABP^^,ABP, 
which is free over ABP^^. Thus, the spectral sequence collapses and 

h**{ABP A ABP) = Hom.ABP„iABP^^ABP ^abp„ ABP^t^^ABP, h^^). 

Now, ABPif^ABP ®ABPtt ABP^i^ABP = ABP^i^^tft^f, and, therefore, 

Hom.ABP^AABP^,t.ABP ®abp^, ABP^^ABP,h^^) = /i**[[sfsf’]] 

^ ABP**[[sf]] (^ABP,, = ABP**ABP (^abp,, h**ABP, 

using Proposition 19.4.21 This proves the claim for n = 0. 

Assume we have shown that ABP Ah ^ h induces an isomorphism 

ABP**ABP ®abp** h**AP{n) ^ h**{ABP A AP{n)) 

for some n > 0. The cofiber sequence AP{n) -A AP[n) -A AP{n + 1) induces long 
exact sequences on both sides of this isomorphism, which form a commutative diagram 
because the maps AP(n) -A AP{n) -A AP{n + 1) are maps of ABP-modules. Thus, the 
five lemma implies the claim for n + 1. □ 

Combining the above isomorphism with the one from Proposition 19.4.21 we get: 

Lemma 9.4.6. Let k = C and p > 2. Let X = AP{n) or X = AP{n)[t]. The action 
of ABP on AP{m), ABP A AP{m) -A AP{m), induces an isomorphism of AP{m)**- 
modules 

AP{m)**{ABP) ®AP{mY* AP{m)**{X) 4 AP{m)**{ABP A X). 

Proof. From Proposition 19.4.11 we know that 

AP{m)**{ABP) ^ AP{m)** (S)abp** ABP**ABP 
as AP(m)**-modules. With h = AP{m), the above lemma immediately implies 


AP{m)**{ABP) ®AP(mY* AP{m)**{AP{n)) ^ AP{m)**{ABP A AP{n)) 

as ABP**-modules and, by Corollary 19. ,4. Ill also as AP{m)**-modules. 

For X = AP{n)[t] = ABP AAP{n), we set M = ABP^"^ In the p roof of the previous 
lemma. Using = ABP^,^ABP®abp,,'p**^BP^^ NS0n9l . Proposition 5.1(i)], 

the proof proceeds with exactly the same arguments as the proof of Lemma 19.4.51 □ 


96 



















CHAPTER 9. BOUSFIELD CLASSES 


As a consequence of Corollary I9.3.51 we show the following (see 
2.8(b)]): 


.TW75I . Lemma 


Corollary 9.4.7. Let k = C and p > 2. The cofibration 52 p-- 2 ,p--i ^ 

AP{n) —)■ AP{n + 1) induces short exaet sequences 


0 ^ Ak{j)**{S‘^P"-^'P"-^ A AP{n)) Ak{j)**{AP{n + 1)) ^ Ak{j)**{AP{n)) 0 


for every j > n. 

Proof. We have to show that, in the Ak{j)**-long exact sequence, the map induced by 
Vn is zero. This map is defined as the composition of the two left arrows in the following 
commutative diagram: 


AA;(j)"(52p"-2.P"-i A AP{n)) 

Ak{jy*{vnAl) 

Akij)**{ABP A AP{n)) ^ 
AkUTRuy ' 

Ak{jr*{AP{n)) 


A5P"(52p"-2.P"-i) ®abp** Ak{j)**{AP{n)) 
— ABP**{ABP) ®abp** Ak{j)**{AP{n)) 


The horizontal maps are induced by the APP-module structure on Ak{j). The lower 
horizontal map is an isomorphism by the previous lemma. The upper isomorphism 
is proven similarly, setting M = ABP A ABP in the above proof. We show that 
the right hand map is zero. Let '^s^ iSi xe be an element of ABP**{ABP) ^abp** 
Ak{j)**{AP{n)). It maps to Y^s^{vn) xe- In Corollary 19.1.71 we set A: = 1, s = 0 
and m = n, to see that for all |P| > 0, either s^{vn) = Vn mod or s^{vn) = 0 
mod In- Thus, s^{vn) G In+i = (no, • • • ,Vn). By Corollary 19.3.51 In+i acts trivially on 
Ak{j)**{AP{n)) for j > n, hence, the right hand map is zero. 

It follows that the left map factors through zero, proving the claim. □ 

The isomorphism from Lemma 19.4.61 is now used to define an AP{m)**{ABP)- 
comodule structure on AP{m)**{AP{n)) by 

AP(m)*MP(n) % AP{m)**{ABPAAP{n)) ^ AP{m)**ABP®AP(m.Y*AP{m)**AP{n), 

where Vn is the APP-module structure map on AP{n). Note that, for A; 7 ^ C or p = 2, 
we do not know if these groups are AP(m)**-modules (see Corollary I9.3.11|l . In this 
case, we might only get an APP**APP-comodule structure on AP{m)**AP{n). 

Lemma 9.4.8. Let k = C,m>n>0 and E be an exponent sequence. Let s^ : ABP -A 
ABP be as in Lemma [9.1.2\ and pm ■ ABP -A AP{m) be as defined in the beginning of 
this section. Then 

o s^ o Vn ■ S ^ ABP -A ABP -A AP{m) 

is the zero map. 
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Proof. The realisation functor i?c takes the compositio n Um o o v. 


By the BP-version of Wur76l . Lemma 2.2], jim 


G AP{m)^^ 

top 


to O Stop o Vn^ € P{m) 

BP P{m) is the canonical projection. By the invariant prime ideal theorem 
(uq°'’, , • • • C PP* is invariant under the action of s^p G BP*BP, hence, 


ftop _ 
-'n+i ~ 


^0 

cE 


'Stop(^n°’’) € Thus, /.im^(Stop o Vn^) € P(m)* lies in the image of In+i under the 

projection PP* P(m)^ = PP*/(uq°^, • • • which is zero, since m > n. This 

implies RciTm o s® o Vn) = 0 G P{m)^,. 


For k = C, AP(m)^,^: = P(m)*[r] by Lemma 16.3.71 and any homogeneous element 
in AP{m).f^ that realises to zero in P{m).f already has to be zero in AP{m)^,f. Hence, 
o s^ o = 0 in AP{m),^^. □ 

Now we present an analogue of a special case of |w ur76l . Proposition 4.12]. 


Lemma 9.4.9. Let k = C, p > 2 and m> n. As AP{m)**ABP-comodules, 


AP{mY*AP{n) ^ AP{m)**ABP ®AP(nr* ^AP{nY* [[/3o, • • • , fin-i]] 
with deg(/3i) = (2p® — l,p* — 1). 

Proof. For n = 0, the statement is trivial. Assume the proposition holds for some pair 
(m, n) with m > n. We show that it also holds for (m, n + 1). 

Consider AP{n) ^ AP{n). We show that the induced map 


< : AP{m)**AP{n) AP{m)**AP{n) 


is trivial. 


This works similar to 


Wur76l . Lemma 3.15]. Let (/> ; 5 —)• ABP repre¬ 


sent Vn G ABP^^ and let (f>* : AP{m)**ABP -A AP{m)** be the map induced on 
AP{m)**{—). For x G AP{m)**ABP = AP{mY*[[pirnS^]] (see Proposition 19.4.1]) . we 
have X = YYe ^EhmS^ and 


(f*{x) = 4>*C^ ^EhmS^) = ^ XEPmis^iVn)), 
E E 


because (j)* is precomposition with G ABP^,^. By Lemma [9.4.81 Pm{s^{vn)) = 0 in 
AP{mY*, hence, (j)* = 0. Now consider the following commutative square: 


AP{mY*{ABP A AP{n)) 




AP{mY*{AP{n)) 


AP{mY*ABP (g>AP{mr* AP{mY*AP{n)^-^^ AP{mY* ®AP{m)** AP{mY*AP{n) 

The left map is an isomorphism by Lemma 19.4.61 Since (f* = 0, it follows that 
{(f) A 1)* = 0. Since u* is, by dehnition, the precomposition of A 1)* with the map 
AP(m)**AP(n) -A AP{mY*{ABP A AP{n)), u* = 0, as claimed. 
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It follows that the long exact 74P(m)**(—)-sequence induced by 

splits into short exact sequences of 74P(m)**74i3P-comodules 

0 ^ AP{my*{S‘^P"-^’P"-^ A AP{n)) AP{my*AP{n + 1) ^ AP{my*AP{n) 0. 

Analogously to [w iirTSl . Proposition 4.12], it follows inductively that 

AP{my*AP{n + 1) = AP{my*AP{n) ®AP{m)** ^AP{m)**{Pn) 

and the degree of f3n is determined by the degrees appearing in the exact sequence. □ 

If M is an AP(n)**(Ai?P)[t]-comodule with stru cture map ip, an element o G M is 
called primitive if ipia) = 1 0 a. Similarly to WiirTfil . Lemma 4.13], the following holds: 

Lemma 9.4.10. Let k = C and p > 2. Let g : AP(n) -A AP{n)[t] be a map of spectra. 
Then g is a map of ABP-module spectra if and only if it is a primitive element of the 
AP{ny*{ABP)[t]-comodule AP{ny*{AP{n))[t]. 

Proof. This follows from Lemma 19.4.61 in the same manner as Wur76l . Lemma 4.13] 
follows from WiirTb . Lemma 3.14] for X = P{n) and X = P(n)[t]. □ 

Now we state a result which is d irectly u sed for the construction of the operation we 
are aiming at. This corresponds to WiirTlil . Theorem 4.17]. 

Proposition 9.4.11. Let k = C and p > 2. There is a degree-preserving group isomor¬ 
phism 

Hom^BP {AP{n),AP{n)[t]) ^ /3i, •■■]], 

where the left hand side is the bigraded abelian group of maps of ABP-module spectra 
and the right hand side is an exterior algebra over AP(n)**[t]. 

Proof. Wiirgler derives this from Wur76l . Proposition 4.12] and IWur76 . Lemma 4.13] 
using that inverse limits of primitive elements are primitive Wur7(Tl . Lemma 4.16]. The 
same line of proof proves this proposition using Proposition 19.4.91 and Lemma 19.4.101 
Denoting the set of primitive elements in M by Pr{M}, the proof can be summarised 
by the following sequence of isomorphisms: 


HomXpp(AP(n), AP(n)[t]) ^ Pr {AP(n)**(AP(n))[t]} 

^ PT{AP{ny*{ABP)[t] AAP(n)“[t][[/3o,/3i,---]]} 

^ Pr{AP{ny*{ABP)[t]} 0AP(n)**[t] A^p(„)«[t][[/3o,/3i, • • •]] 

— AP{ny*[t] ®AP(n)“[t] AAp(n)**[t][[/5o,/3i, • • •]] = A^p(„)**[t][[/3o,/3i, •••]]. 

□ 
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This completes the preparation Wiirgler needs for WurTfil. T heorem 5.1]. We state 
our version of this theorem, now using the notation from JW75|. 


Theorem 9.4.12. Let p > 2. In there exists a family {rE)n, n > 0, of 

natural stable operations 


{rE)n ■■ AP{n)**{-) ^ AP{ny*{-) 

of degree |£'|/2), such that 

irE)n{ux) = ^ SFiu){rG)n{x) 

F+G=E 

for u € ABP**{X) and x € AP{n)**{X) (see Definition \9.1.S\ for the definition of se) 
and such that 

ABP**{-) ABP**{-) 


AP(n)**(-) - ^AP(n)**(-) 

{rsin 

commutes. 

Proof. L et st : ABP**{—) —)> ABP**{—)[t] be given by st{x) = Y^E^Eix) ®t^. As in 
WiirTa. Theorem 5.1], the square 


ABP**{-) —^ ABP**{-)m 
AP{n)**{-) AP{n)**{-)y] 


can be completed with the help of Proposition 19.4. iTl and we define (r^)n by st^n{x) = 
YEi'^E)n{x)®t^. 

Since Proposition 19.4. iTl gives us a map of AHP-module spectra, the operation st^n 
satisfies st^n{ux) = st{u)st^nix). It follows that 

'^{rE)n{ux) ® ^ SE{u){rG)n{x) 0 t^t^ 

E E+G=E 

and, hence, {rE)n{ux) = Yf+g=e '^F{u){i'G)n{x), which proves the first property claimed 
The second property holds because the above commutative square has to commute on 
the level of each t^. □ 


Remark 9.4.13. Originally (see e.g. |Oui7ll . Formula (2.4)]), one first defines the op¬ 
eration St : BP*{—) —>■ SP*(—)[ti,t 2 ) • • •], deg(tj) = —2i, and then uses it to construct 
operations se of degree Yi The st used in the above proof contains only those sum¬ 
mands SE®t^ with jP!] = Yi 2(p* “ 1)) because we work with AHP-modules instead of 
AfGL-modul es. Hen ce, the st^n also consists of less summands than the corresponding 
operation in WiirTfil. Theore m 5.1], but this suffices to define exactly those {rE)n with 
the degrees needed in JWTSl . Section 4]. 
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In .TW75I . Proposition 4.14], Johnson and Wilson show that, for any X € 
there is a natural isomorphism 

B{n)^{X) ^ K{n)^{X) ^¥p[vn+i,Vn+ 2 , ■■■] 

for n < 2p — 2. Johnson and Wilson needed the condition on n because th ey were 
only able to canonically define the operations {rE)n in this range. As stated in WiirTfil . 
Remark 6.19], the condition becomes redundant if Wiirgler’s operati ons are used. 

With the above operations at hand, we can proceed exactly as in |JW75l . Section 4]: 


Definition 9.4.14. Let n be fixed and let £ be the set of all exponent sequences of 
the form E = (0, • • • , 0, e^+i, en,+ 2 , ■ ’ ’ )• Recall the definition of \E\ from Definition 
19.1.61 For E G £, let q = \E\ = 2{p^ — 1)5 + a with 0 < o < 2(jP — 1). With 
a'^E = , p^en-i- g. ■ ■ ■) a nd c = b - (en+i + 6^+2 H ), it follows \a"-E\ = c2(p"' - 


1) + a, exactly as in [JW75|. Note that q and, hence, a are even. We define se & 
Ak{nY’°‘/‘^{AP{n)) by 


SE ■■ AP{n) 






where Xn is the quotient map from AP{n) to Ak{n) = AP{n) / {vn+i, ■ ■ ■)■ 

Furthermore, we assume that the set {E G £ \ \E\ = q} is ordered as {Ei, ■ ■ ■ ,E^}, 
where v is the Fp-dimension of {¥p[vn+i-,Vn+ 2 -, ■ ■ ‘Dgi and we denote se^ by Su- 

Lemma 9.4.15. Let k = C, p > 2 and se ■ AP(n)** —)■ AA:(n)** be induced by the 
above map. Assume n > 0 and let r G AP{n)^it be as in Lemma [0771 Then S£;(r) = 0 
for E Y ^ 0 ,'nd so{t) = r. If, furthermore, x G AP{n)^,fX with X G then 

se{xt) = se{x)t. 

Proof. Since SEir) = {Xn ° v^° {'f'(j^E)n){T) with A„(r) = r, and c = 0 for FJ = 0, the 
first claim is equivalent to (rp’)„(r) = 0 for F 7 ^ 0 and (ro)n('r) = r. The realisation 
functor Re maps r to 1 G P{nY a nd it takes (rp’)„ : AP{n)** AP{n)** to : 

P{n)* —>■ P{n)*, which, by |Wur76 . Theorem 5.1], is compatible with in the sense 
that the following diagram commutes: 


gtop 

BP* —^ BP* 


P{ny 


(ry^r 


P{n) 


The map is defined via the coaction map 

: BP, BP,BP ^ BP,BP ®bp, BP„ 
which clearly takes 1 to 1 ® 1. Therefore, in the formula 
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all have to be 0, except for Sq°'’( 1), which is 1. It follows that also (r^^)„(l) = 0 

for F 7 ^ 0 and (rg°'’)„(l) = 1. Hence, Rc{{rF)ni'T)) is 0 for F 7 ^ 0 and it is 1 for F = 0. 
The preimage of x E F(n)* under Rq : AP{n)** —>• P{n)* is 


■T^\'^Xk = X 
k>0 k>0 

Since {rF)n is a map of degree (|F|, |F|/2), the only possible preimage of Rc{ixF)nix)) 
is (rF)n(T) = 0 for F 7 ^ 0 and (ro)n(T) = r. 

The claim on se{xt) now follows from the Cartan formula, Lemma 19.1.41 □ 

The following is a motivic analogue to [jWTSl . Proposition 4.14]. 

Theorem 9.4.16. For any X E and any n > 0, p > 2, there is a natural 

isomorphism 

AB{n)^^{X) AK{n)^^{X) (?) Fp[nn+i, ^^+ 2 , • • • ]. 

Furthermore, for any X E <S'F(C), AK{n)t„t{X) = 0 if and only if AB{n)^:t,{X) = 0. 
Proof. For a given exponent sequence F, consider the composition 

AP{n) ^ E^’^/^Ak{n) E^’^/^AK{n) ’i? E'^’’^/‘^AK{n), 

where a = of and b = bE are as in Definition 19.4.141 These induce a natural homomor¬ 
phism 

A ; AP{n)^:^{X) AK{n)^^,{X) 0 Fp[nn+i, n„+ 2 , • • • ] 

by A{y) = ^ v~^^SE{y) 0 . 

E££ 

By Corollary 19.1.71 and the Cartan formula, rE{yVn) = f’E{y)vn mod In- As = 
{vq,--- ,Vn-i) acts trivially on AP{n) and Ak{n) (Proposition I9.3.5|l . it follows that 
se ■ AP{n)^^,{X) —>■ Ak{n)^^{X) is an Fp[n,i]-homomorphism. Therefore, A can be 
extended to AF(n)**(X) = n“^AF(n)**X. This yields a map 



A : AF(n)**(X) AK{n)^^{X) 0Fp[nn+i,n„+ 2 , • • •]. 


We show that A is an isomorphism for X = S^, and, thus, for all X = S^'^. By 
Lemma 16.3.71 we are considering a map F(n)*[r] —>■ F(n)*[r] 0 Fp[un+i,^^+21 • • • ] 

wh ich, un der Fc, realises to the isomorphism F(n)* ^ F(n)* 0 Fp[n„+i, nn+2) •'' ] 
in |,TW75 . Proposition 4.14]. Thus, it suffices to calculate A(t), or, equivalently, A(t) = 


E 


E&e 




By the previous lemma, this is equal to 


= T. 


Thus, A is an isomorphism if X is a sphere. 

Cellular induction via the hve lemma shows that A is an isomorphism for all X E 

snicy^^. 

By Definition 1A2JJ 3 ), any cell spectrum is the colimit of a diagram of hnite cell 


spectra. As in jRav84l . Theorem 2.1(a)], it follows that, for any X E S'H{C) 


cell 
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AB{n)^,^X = 0 if and o nly if AK{n)^,^X = 0. Here, we use that 7r**(—) commutes 
with filtered colimits [DIOSI . Proposition 9.3]. 

Furthermore, by [DlOSj, Proposition 7.3], any X € 577(C) has a cellular approxi¬ 
mation X' G S7i{Cy^^\ f ■. X' ^ Xf''^ a hbrant replacement of X), such that 

'/r**(/) : ^ 7r**X. Hence, also 7r**(l£; A /) : E^^X' —> E^,^X is an isomorphism for 

any E G 577(C). In particular, 

AB{n)^t.X = 0 AB{n)^.^X' = 0 AK{n)^^.X' = 0 AK{n)^^X = 0 . 


□ 


R emark 9.4.17. In addition to the above theorem, I also worked on a motivic version 
of JW75I . Theorem 4.8], which I was a lmost able to prove, except for one detail which 
is necessary for part (c), where ,IW75l . Lemma 4.10] enters the argument. Large parts 
of the proof of this lem ma can be translated motivically, using motivic cellular approxi¬ 
mation as introduced in [PIOSl . Proposition 7.3] and the motivic Hurewicz theore m from 
MorOfil . Theorem 5.57]. The only problematic point is part (e) in the proof of .IW75 . 


Lemma 4.10], where a spectrum with finitely generated homology is approxi mated by 
a finite spectrum F. A possible construction of T —)■ is described in HatOll . Proposi¬ 
tion 4C.1]. A similar construction can be performed in the motivic setting. However, it 
is not clear that the resulting spectrum F is finite. This would be the case if (77Z(p))** 
is a coherent (or Noetherian) ring, because then, H**(A, Z(p)) is hnitely generated over 
[HTj^p))** for finite cell spectra A, making a finite induction step possible. 

Corollary 9.4.18. For p > 2 and n > 0, 

{AK{n)) = {AB{n)) in 577(C). 

This also holds for n = 0, in which case we do not need to assume k = C or p > 2. 
Proposition 9.4.19. For any k FC and any prime p, 

(AA(0)) = (AH(0)) in 577(7;). 

Proof. By definition, AB{0) =p~^ABP and 

AK{0) = p-^ABP/ivi,V2, ■■■)= p-^MGL(p)/(ai, 02, • • •) = MGLq/{ 0 ^, 02 , • • • )• 

By the main result in Hovl3l ]. MGL/( 01 , 02 , • • •) — 77Z, which implies 
P“^MGL(p)/(oi,02, ■ 

Hence, AK{0) = HQ. From Lemma I9.2.H 1L we already know 

(AA(0)) < (ABiO)). 

To prove 

{AK{0)) > {AB{0)), 
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let X g S'H jk)^^"' satisfy AK{0)^^{X) = 0. We have to show AB{0)^^{X) = 0. We 
use [Hovld . Lemma 7.10], in which we rationalise 77Z and MGL and set X = MGLq. 
Here, rationalising a spectrum E means forming the homotopy colimit En = p~^E(, 


\p)- 


The lemma then states the following. 

If F € S'H{k) satisfies 77Q A F = 0, the n [F, MGFq] = 0. 

When rationalising the proof of Hovldl . Lemma 7.10], one uses that ko{MGLq) = 
(MGLq)<o and kq{HQ) = HQ<q, which hol d becau se MGLq and HQ are co nnective 
(which follows from the connectivity of MGL Hovl.'ll . Corollary 3.9] and of FZ [HovIoI . 
Lemma 7.3]). Furthermore, one uses that 

{XIGLq)<o = {MGL<o)q ^ (FZ<o)q ^ FQ<o, 

where the first and thir d isomo rphisms follow from the fact that {—)<d prese rves fil- 
tered homotopy colimits Hovl3 . Lemma 2.1] and the middle isomorphism is by Hovisl . 
Lemma 7.5]. 

We apply this version of [HovIsI . Lemma 7.10] to see that {MGLq)**X = 0 for JT 
as above, which is equivalent to (MGLq)**F = 0, since X is finite fProDosition 16.2.21) . 
Using Lemma [9.2.1f l]) again, it follows that {p~^ ABP)ifQX) = 0, as we wanted to show. 
As in the previous proof, the equivalence 

AF(0)**X = 0 AF(0)**A = 0 

passes from finite spectra to cellular spectra and then to arbitrary spectra X G S'H{k). 

□ 


As a corollary of the above results, we can prove the following analogue of Rav84 
Theorem 2.1(i)]. 


Corollary 9.4.20. In iSF(C), 


{AK{n)) A {AK{m)) = 0 


for any m ^ n. 

Proof. Assume m> n. By (1) and (2) of Lemma 19.2.21 

{AK{n)) A {AP{n + 1)) < {AE{n)) A {AP{n + 1)) = (0). 

Furthermore, by Lemma l9.2.2f 3l and the above result, 

{AP{m)) = {AB{m)) V {AP{m + 1)) = {AK{m)) V {AP{m + 1)). 

This implies {AK{m)) < {AP{m)). Since m > n, {AP{m)) < {AP{n + 1)) by Lemma 
19.2. If lL Hence, 


{AK{n)) A {AK{m)) < {AK{n)) A {AP{n + 1)) = (0). 


□ 
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9.5 Decomposition of {AE{n)) 

Recall from Definition 16.3.11 that 
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AE{n) = ABP / {Vn+l-,Vn+2', ■■■)■ 


With the above preparations, we are ready to prove an analogue of the decomposition 
of Bou sfield classes given in Rav84l . Theorem 2.1(d)]. This answers a special case of 


HorOd . Question 2.17]. 


Theorem 9.5.1. For p > 2, 

{AE{n)) = \/ {AK{{)) in 577(C). 


0<2<n 


Proof. These are the same arguments as for |Rav84 . Theorem 2.1(d)]: By Lemma r9.2.2f 3l 
and Corollarv lQ. 4.181 {AP{n)) = {AB{n))\/ {AP{n + l)) = {AK{n))\/{AP{n+l)). Since 
AP{0) = ABP, it follows inductively: 

{ABP) = {AK{0)) V {AK{1)) V • • • V {AK{n)) V {AP{n + 1)). 


Since AE{n) is an ^RP-module spectrum, {AE{n)) < {ABP) by Lemma [9.2.11 21. By 
Lemma l9.2.2l 2l. {AE{n)) A {AP{n + 1)) = (0). It follows that 


{AE{n)) < {AK{0)) V {AK{1)) V • • • {AK{n)). 

By Corollary 19.1.81 and Lemma [9.2.21 11. {AE{n)) > {AE{i)) > {AK{i)) for i < n and 
hence also {AE{n)) > V {AK{i)). □ 

i<n 

Remark 9.5.2. The restriction p > 2 originates from Section [9.31 where it was needed 
to prove homotopy associativity for the map PAP{n) ■ AP{n) A AP{n) AP{n). There 
might be a different way to show that the ARP**-action on AP{n)j,^{X) induces an 
AP(n)**-action, in which case the condition p > 2 could be removed in the previous 
section and in the theorem. 


9.6 AK(n) and AK{n + l) 

Lemma 9.6.1. Let p be any fixed prime. For n > 1 and X € 577(C)'^®”’, AP{n)^^,{X) 
is an AP{l)^,j,AP{l)-comodule and a coherent module o?;er AP(1)**. 

Proof. Note that AP{1) = ABP/p is a ring spectrum because p : ABP —>■ ABP is a 
map of ring spectra and the category of ring spectra is cocomplete. The coaction on 
AP(n)**(X) is defined via 

AP{n)^,^X —y j4P(u)**(AP(1) AX) i — AP{1)^^AP{1) AP{n)^jfX, 
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where the left map is induced by the unit of ^P(l) and we need to show that the right 
map (induced by ^4^(1) A AP{n) —>• AP{n), compare Corollary 19.3.11|) is an isomor- 
phis m. To prove this isomorphism, it suffices to show that, in the spectral sequence 
from [DIOSI . Proposition 7.7], 

Tor^-^(i)“(7lP(l)„7lP(l),7lP(n)„X) ^ 7lP(n)„(AP(l) A X), 


is free over AP{1)^^, so that the spectral sequence collapses immedi¬ 
ately. We want to apply Lemma [6.3.71 to AP{1) A AP(1). Recall that the slice spectral 
sequen ce consi dered in Lemma 16.3.71 converges for quotients of Landweber exact spec¬ 
tra by Hovl3l . Theorem 8.12 and Example 8.13]. Now, ABP A AB P is a p roduct of 


Landweber exact spectra and is therefore Landweber exact, see e.g. |NS0O9l . Remark 
9.2], and AP{1) A AP{1) is a quotient of ABP A ABP. Hence, the slice spectral se¬ 
quence converges strongly, and it collapses for the sam e degree reasons as in Lemma 
16.3.71 Thus, AP{1)^,^AP{1) = P(1)*P(1)[t]. By JY8C, Section 1], this is isomorphic to 
P(l)*[r, z®’^] for certain In particular, it is free over HP(1)** = P(l)*[r], as we 

wanted to show. 

Now we show that HP(n)**(X) i s cohe rent over HP(1)**. Recall that P(l)* = 
• • • ] is a cohere nt ring (see |CS69l . Section 1]). The same holds for HP(1)** = 
Fp[r, ui, ui, ■ ■ ■ ]. By CS69I. Proposition 1.2], coherence of modules satisfies the two out 
of three property for exact triangles of graded modules (i.e., long exact sequences). It 
follows that HP(n)** is a coherent HP(l)**-module, and cellular induction implies that 
HP(n)**(X) is a coherent HP(l)**-module, too. □ 


Setting n = 1 and X = S^, the above lemma tells us that HP(1)** is a coherent 
^P(l)**AP(l)-comodule, where coherent means coherent as an HP(l)**-module. 

Lemma 9.6.2. (Invariant prime ideals) 

For k = C and p any prime, the invariant prime ideals o/HP(l)** (that is, prime 
ideals which are also sub-comodules) are given by Im = Xm-i) o,nd Im = 

(t,ui, ■ ■ ■ 

Proof. We have HP(1)** = P(l)*[r] and HP(1)**HP(1) = P(1)*P(1 )[t], as in the proof 
of the previous lemma. Under the functor Rq, the coaction 


^P(l)** —>■ HP(1)**HP(1) 'S>AP{i)t* ^.P(1)=i 


realises to 

P(l)* ^ P(1)*P(1) (8)p(i)* -P(l)* 

(similarly as in the p roof of Corollary I9.1.7|) . B y the classical invariant prime ideal 


theorem (see Lan73al . Theorem 2.7] or compare 
prime ideals of P(l)* are given by /m'’ = • • 


■TYSd Theorem 1.16]), the invariant 


top 


The isomorphism 


TP(1),*HP(1) ^^’(1)« = ^(l)*i^(l) ®P(i)* 7lP(l)„ 

implies that is an invariant prime ideal in HP(1)**. By HP(1)** = P(l)*[r], it follows 
also that Im is an invariant prime ideal of HP(1)**, too. 
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It re mains to show that there cannot be any further invariant prime ideals. As in 
[Lan73a| . this follows from the fact that the only p rimitive elements in AP{1)^^/— 
P{l)^/Im^ are multiples of powers of Vm (compare Lan73al . Proposition 2.11]). □ 


Corollary 9.6.3. (Motivic Landweber filtration theorem) 

Let p be any prime and n > 1. For X G <577 AP(n)^,^(X) can be filtered by 
AP{1)^^:-modules 

AP{n)^^{X) = Mo D • • • D Mfc = 0 

such that Mj/Mj+i = or AP{1)^^/for some Im and Im (m > n) as 

above. 


Proof. By Lemma l9.6.1l AP(n)^ ^(X) is a coherent AP(l)**AP(l)-comodule. Landwe- 
ber’s filtration theorem Lan73bl . Theorem 3.3] (see also JYSfll . Theorem 1.16]) implies 
that AP(n)**(A) has a hltration 


AP(n)„(A) = Mo D • • • D Mfc = 0 


such that Mj/Mj_|_i = AP(1)**// for some I which is invariant under the comodule 
action. Thus, the claim follows from the previous lemma. □ 


The following is a motivic version of one statement in Bav84l . Theorem 2.11]. In the 
proof, we use ideas from Ravenel’s proof. 


Theorem 9.6.4. Let p > 2. If X G satisfies AK{n + 1)**(A) = 0, then also 

AK{n)^^{X) = 0. That is, {AK{n + 1)) > {AK{n)) in <S77(C)^®®®. 


Proof. Assume n > 0. The case n = 0 will be considered at the end of the proof. Let 
P**(—) be defined by 


= AE{n + 1)** AP(n)**(A). 

As in .lY8(ll . Lemma 3.5], the abo ve Landw eber hltration theorem and the fact that 
AE{n + 1) is Landweber exact (see |NS0O9I. Theorem 8.7]) yield 

Torf^^”^**(AP(n + 1)** ®abp,, AP{n)^:^, AP{n)^^/I) = 0 

for all invariant prime ideals I C AP{n)^,^, as above. (Alt ernative ly, this can be derived 
from th e topological analogue and Lemma 16.3.71 using NSCOfll . Theorem 8.7].) As in 


Rav84l . Theorem 2.11], t his implies that £'**(—) is an exact functor. 
In analogy to R av84l ] . we show that there is an injective pairing 

AK(n + 1)** '—y AK(n + 1)^;*A. 


To construct this pairing, note that the ARP-action on AK{n + 1) factors through a 
map AP{n) /\AK{n + 1) —>■ AK{n + 1) by methods from Section [T3l since Vi, i < n + 1, 
acts trivially on AK{n + 1) by Corollary 19.3.51 This induces a map 

AK{n T 1)** AP{nfi,fX — y AK(n + l),i,^;A. 
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As in R,av84l . Theorem 2.11], this map factors through a pairing 
AK{n T 1)*^, E^^X —y AKin + l)*^tA, 


the reason being again that the relevant elements act trivially. Such a pairing i nduces 
a universal coefficient spectral sequence, whose motivic version is constructed in DIOSl . 
Propositions 7.7 and 7.10], 


Torf“(p;„(X), AA:(n + 1)**) ^ AK{n + 1)**(A). 


As in 
of 


R av84i ] . to prove the injectivity of the pairing, it suffices to prove the vanishing 


Torf^^“ (AP(n)„ (A), Ai^(n + 1)„) 


for i > Since n > 1, p acts trivially on both of these modules, and we can replace 
ABP by AP{1) = ABP/p. Hence, we have to show the vanishing of 


Torf^(^)**(AP(n),*(A), AA:(n + 1)**) 


and, by Corollary 19.6.31 the question reduces to the vanishing of 

Torf (AP(1)**//, AK{n + 1)**) 
for i > 1 and I = I^n or Irm m > n. By Lemma 16.3.71 this equals 

Torf^^^*f'^'(P(l)*//m[r],A:(n + l)*[r]) or 

Torf^^^*^'^'(P(l)*//m,A'(n + l)*[r]), respectively. 

A projective resolution of Ar(n + 1)* over P(l)* yields a projective resolution of ^(n + 
1)*[t] over P(1)*[t] by applying — ^^^[r]. It follows that both of the above torsion 
terms vanish if 

TorP)*(P(l),//™, A(n + 1)*) = 0. 

For i > 1, this follows from 


Torf^‘(HP*//^,iL(n + 1),) = 0, 


as in the proof of Rav84l . Theorem 2.11]. This proves the injectivity of the above pairing. 

Now, assume that AK{n + 1)**A = 0. The injectivity of the pairing implies that 
AK{n + 1)** ‘S>E„ E^.^X = 0. Recall AK{n + 1)** = and note that 

E^^ = AE{n + 1)„ ®ABP„ AP{n)„ = E{n + 1)* ^bp, -P(n)*[r] = H„[un,u^+i] 

by NS0O9I. Theorem 8.7] and Lemma [6.3.71 Therefore, AK{n + 1)** Li**A = 0 

implies u“^Li**A = 0. Now, 

0 = u“^Li**A = AE{n + 1)** ®abp^^ AB{n)^^X, 
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by the definitions of ) and of AB(n). By Theorem 19.4.161 since X is finite, this is 
equal to 


AE{n + 1)** 0ABP„ AK{n)^^{X) ^¥p[vn+i,Vn+ 2 , • • •]■ 

By NS0O9I. Theorem 8.7], AE{n + 1 )** = E{n + 1)^ ABP^^. It follows 


0 = Z(p)[ui,--- ,Vn,V^l^] AK {n)^^X (g) ¥p[Vn+l, 


As Vm acts trivially on AK{n)^,t^X for all m 7 ^ n by Corollary 19.3.51 this implies that 

AK{n)^*X = 0 . 


It remains to show that = 0 implies AAr(0)**A = 0. Recall the def¬ 
initions AE{1) = ABP/{v 2 ,- ") and AK{1) = ABP / {p,V 2 ,- ■ ■) = ^E{l)/p. 

Since multiplication by p commutes with 7r**(—), it follows that AK{1)^,^X = 0 im¬ 
plies p~^AE{l)^:^X = 0. (Note th at v~U AE( 1)^,^X) = {p~^AE{l))^^X since 7r**(—) 
commutes with filtered colimits by |Din.4 Proposition 9.3].) The following argument is 
closely related to Corollary 19.1.81 Since p~^AE{l)^^X = 0, p~^{ABP/{v2,- "))**^ is 
Ui-torsion. By Theorem 19.1.11 this implies that p~^{ABP/{v 2 , ■ ■ ■ ))**X is p-torsion. 
But this can only be the case if p~^{ABP/{v 2 , ■ ■ ■ = 0. It follows that 


A£'(0)**A = p ^{ABP/{vi,V2, ■ ■ ■ ))**A = 0. 


Now, by Theorem 19.5.11 (APl(O)) = (Aitr(O)). Hence, AAr(0)**A = 0. □ 

In terms of thick ideals in 5'R(C)^p”, p > 2, we have proven that the motivic Morava 
K-theory spectra AK{n) indeed describe a descending chain of thick ideals, similarly to 
the chain of thick subcategories in STL^^y The inclusions are proper by Chapter [S] 

Corollary 9.6.5. For p > 2, 

SH{C)[^ D Cak(o) 2 Cak(i) 2 • • • • 

To sum up, we have identified three sequences of thick ideals which may or may not 
be equal: 


sn{cy^ 

u 

1 

D 

R-\C2) 

D 

II 

Ul 


Ul 


sn{c)l^ 

Cl Cax(o) 

D 

Cak{i) 

D 

II 

Ul 


Ul 


sn{c)l^ 

D thickid(cCi) 

D 

thickid(cC 2 ) 

D 
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